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Abstract
One intriguing issue in the nucleon spin decomposition problem is the existence of two types
of decompositions, which are representably characterized by two different orbital angular mo-
menta (OAMs) of quarks. The one is the mechanical OAM, while the other is the so-called
gauge-invariant canonical (g.i.c.) OAM, the concept of which was introduced by Chen et al. An
especially delicate quantity is the g.i.c. OAM, which must be distinguished from the ordinary
(gauge-variant) canonical OAM. We find that, owing to its analytically solvable nature, the fa-
mous Landau problem offers an ideal tool to understand the difference and the physical meaning
of the above three OAMs, i.e. the standard canonical OAM, g.i.c. OAM, and the mechanical
OAM. We analyze these three OAMs in two different formulations of the Landau problem, first
in the standard (gauge-fixed) formulation and second in the gauge-invariant (but path-dependent)
formulation of DeWitt. Especially interesting is the latter formalism. It is shown that the choice
of path has an intimate connection with the choice of gauge, but they are not necessarily equiva-
lent. Then, we answer the question about what is the consequence of a particular choice of path
in DeWitt’s formalism. This analysis also clarifies the implication of the gauge symmetry hidden
in the concept of g.i.c. OAM. Finally, we show that the finding above offers a clear understand-
ing about the uniqueness or non-uniqueness problem of the nucleon spin decomposition, which
arises from the arbitrariness in the definition of the so-called physical component of the gauge
field.
Keywords: Landau problem, gauge choice, gauge-invariant formulation, path dependence,
orbital angular momenta, nucleon spin decomposition
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1. Introduction
How the total nucleon spin can be decomposed into the spin and orbital angular momentum
(OAM) of quarks and gluons without conflicting with the gauge-invariance principle is a very
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delicate problem of quantum chromodynamics (QCD), and a lot of debates were developed for
a considerable time. (See [1],[2],[3] for review.) A consensus now is that there are two different
types of complete decomposition of the nucleon spin, which are respectively called the canon-
ical type decomposition and the mechanical type one [4],[5]. Unfortunately, there still remains
different opinions on the proper physical interpretation of the two decompositions of the nucleon
spin. Since these two decompositions are representably characterized by the canonical OAM
and the mechanical OAM of quarks, the judgment on the merits and demerits of the two nucleon
spin decomposition cannot be delivered unless we do understand the difference and the physical
meanings of these two OAMs correctly.
To understand the difference of these two OAMs in a clearest fashion, the familiar Landau
problem turns out to offer an ideal testing ground, because of its analytically solvable nature. The
Landau problem is a quantum mechanical problem, which describes the motion of an electron
or any charged particle in a uniform magnetic field [6],[7]. Since the Hamiltonian of the Landau
problem contains the vector potential not the magnetic field itself, it has a freedom of gauge
choice. In the standard treatment of the Landau problem, one first fixes a gauge and then solves
the quantum mechanical Schro¨dinger equation. Typical gauge choices are the two types of Lan-
dau gauge and the symmetric gauge. Less popular is a gauge-invariant formulation of the Landau
problem, in which the Schro¨dinger equation can be solved without assuming any particular form
of vector potential, which means that the problem can be solved without fixing gauge.
The purpose of the present study is to clearly understand the physical meaning of the two
OAMs, i.e. the canonical OAM and the mechanical OAM of the electron, by making full use
of the analytically solvable nature of the Landau problem. What plays an important role in this
analysis is the existence of another OAM called the pseudo angular momentum in the literature
[8],[9]. (A similar quantity called the pseudo momentum was already discussed in [10].) A
unique feature of this quantity is that it is gauge-invariant, and reduces to the canonical OAM
in a suitable gauge. Because of this property, the pseudo OAM is very much resembling the
quantity called the gauge-invariant-canonical (g.i.c.) OAM, the concept of which was introduced
by Chen et al. in the discussion of the nucleon spin decomposition problem as well as the nucleon
momentum decomposition problem [11],[12]. (In the following, we mainly use the latter name
instead of the terminology pseudo angular momentum.) In view of this situation, we are faced
with three types of OAM. The first is the ordinary canonical OAM, which is usually believed
to be a gauge-variant quantity. The second is the g.i.c. OAM. The last is the manifestly gauge-
invariant mechanical OAM. We aim at clarifying the physical meaning of these three OAMs, by
paying special attention to their gauge-dependence or gauge-independence. We shall carry out
this analysis in both of the standard (gauge-fixed) formulation of the Landau problem and also
in the gauge-invariant formulation of the Landau problem. It turns out that this parallel analysis
is particularly useful not only for clarifying the physical meaning of the above three OAMs but
also for getting deeper understanding of the delicacy hidden in the gauge choices in the Landau
problem as well as in the nucleon spin decomposition problem.
The plan of the paper is as follows. In section 2, a theoretical analysis of the above-mentioned
three OAMs is carried out within the framework of the standard formulation of the Landau prob-
lem. We first show that the standard eigen-functions of the Landau Hamiltonian in the Landau
gauge is not connected with the standard eigen-functions of the symmetric gauge by a simple
gauge transformation. And then, we derive the correct relation between these two eigen-functions
in the two different gauges. Next in section 3, the same three OAMs are analyzed within the
framework of the gauge-invariant formulation of the Landau problem. The delicacy of the gauge
choice in the Landau problem will become clear by combining the analysis in this section and
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that in the previous section. In section 4, we discuss in some detail the similarity between the
concept of pseudo momentum and pseudo OAM and that of g.i.c. momentum and g.i.c. OAM
of Chen et al. This consideration is useful for unraveling the delicacy hidden in the idea of g.i.c.
momentum and g.i.c. OAM. Next in section 5, we make some important remarks on the issue of
gauge choice in the nucleon spin decomposition problem. Putting all the knowledge obtained so
far in force from our general viewpoint of the gauge-invariant but path-dependent formulation of
gauge theory, we will clarify what is really meant by the idea of the physical component of the
gauge field, which was introduced by Chen et al. Finally in section 6, we summarize what we
have found and make some concluding remarks.
2. Canonical and mechanical orbital angular momenta in the standard formulation of the
Landau problem
The Landau problem is a very fundamental quantum mechanical problem, which describes
the motion of an electron, or any charged particle, under the influence of uniform magnetic field.
In the following, the direction of the magnetic field is taken in the z-direction, and the mass and
the charge of the electron are denoted as me and − e with e > 0. (The natural unit c = ~ = 1 is
used throughout the paper.)
The Hamiltonian of the system is represented as
H =
Π
2
2me
, (1)
in terms of the so-called mechanical (or kinetic) momentumΠ defined as
Π = p + e A, (2)
with A being the vector potential giving the magnetic field through the relation∇×A = B = B ez.
As is well-known, the choice of vector potential, which gives the same magnetic field, is not
unique. We say that there is a freedom of gauge choices. The most popular gauge choices are
the following three :
1st Landau gauge : A = AL1 = − B y ex, (3)
2nd Landau gauge : A = AL2 = + B x ey, (4)
symmetric gauge : A = AS = − 1
2
B y ex +
1
2
B x ey. (5)
The two Landau gauges can be treated almost in the same manner, so that in this section we
consider the 2nd Landau gauge and call it simply the Landau gauge.
Our primary concern in the present paper is to unravel the physical meaning of the two types
of orbital angular momentum (OAM), i.e. the canonical OAM,
Lcan ≡ (r × p)z = − i
(
x
∂
∂y
− y ∂
∂x
)
, (6)
and the mechanical OAM,
Lmech ≡ (r ×Π)z = (r × p)z + e (r × A)z. (7)
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They are related as
Lcan = Lmech + Lpot, (8)
where
Lpot ≡ − e (r × A)z = − e (x Ay − y Ax). (9)
Here, Lpot is basically the quantity, which was called in [4],[5] the potential angular momen-
tum. (To be more rigorous, the potential angular momentum introduced in [4],[5] is defined by
Lpot = − e (r × A⊥)z with A⊥ being the transverse component of A, and it is gauge-invariant
under the residual gauge transformation within the Coulomb gauge.) The potential angular mo-
mentum defined by (9) is generally gauge-dependent and takes the following form according to
the choices of gauge :
symmetric gauge : Lpot = −
1
2
e B (x2 + y2), (10)
Landau gauge : Lpot = − e B x2. (11)
At this stage, it is useful to recall the known solution to the Landau problem, i.e. the eigen-
values and the eigen-functions of the Landau Hamiltonian H. The standardly-known eigen-
functions of H in the Landau gauge are given as [6],[7]
Ψ
(L)
n,ky
(x, y) =
1√
2 π
e i ky y Nn Hn
(
x − x0
lB
)
e
− (x−x0 )
2
2 l2
B , (12)
where Hn(x) are the Hermite polynomials, while the other constants are defined by
Nn =
(
1√
π 2n n! lB
)1/2
, (13)
and
x0 = − l2B ky with l2B =
1
e B
. (14)
The quantity x0 is sometimes called the guiding center, while lB is called the magnetic length.
The above wave functions are the simultaneous eigen-functions of the canonical momentum
operator py and the Landau Hamiltonian H :
pyΨ
(L)
n,ky
(x, y) = kyΨ
(L)
n,ky
(x, y), (15)
HΨ
(L)
n,ky
(x, y) =
(
n +
1
2
)
ωΨ
(L)
n,ky
(x, y) (n = 0, 1, 2, · · · ), (16)
where n = 0, 1, 2, · · · , and ω = e B
me
. Note that the eigen-energies depend only on the so-called
Landau quantum number n, and they do not depend on the quantum number ky.
On the other hand, the standard eigen-functions in the symmetric gauge are given as [13],[14]
Ψ
(S )
n,m(x, y) =
1√
2 π
e i m φ Nn,m
 r2
2 l2
B

|m|/2
e
− r2
4 l2
B L
|m|
n− |m|+m
2
 r2
2 l2
B
 , (17)
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with m being an integer satisfying the condition m ≤ n, Lmn (x) is the associated Laguerre polyno-
mial, while
Nn,m = (− 1) n+
|m|+m
2
1
lB
√√(
n − |m|+m
2
)
(
n +
|m|−m
2
) . (18)
They are the simultaneous eigen-functions of the canonical OAM operator Lcan and the Landau
Hamiltonian H :
LcanΨ
(S )
n,m(x, y) = mΨ
(S )
n,m(x, y), (19)
HΨ(S )n,m(x, y) =
(
n +
1
2
)
ωΨ(S )n,m(x, y), (20)
Here, we are interested in the expectation values of the canonical and mechanical OAM operators
in the above two gauges. The answer to this question is well known in the symmetric gauge. One
can easily confirm that
〈Lcan〉 = 〈Ψ(S )n,m(x, y) | Lcan |Ψ(S )n,m(x, y)〉 = m, (21)
〈Lpot〉 = 〈Ψ(S )n,m(x, y) | −
1
2
e B r2 |Ψ(S )n,m(x, y)〉 = − (2 n + 1 − m) , (22)
which in turn gives
〈Lmech〉 = 〈Lcan〉 − 〈Lpot〉 = m + (2 n + 1 − m) = 2 n + 1. (23)
(We point out that the overall sign of the expectation value of the mechanical OAM is opposite
to that in [15]. This is because we consider here the motion of the electron with negative charge
in contrast to [15], in which the motion of a particle with positive charge is studied. Note that the
cyclotron motion of a particle with negative charge is counterclockwise in the x-y plane, so that
its mechanical angular momentum should be positive.)
Remarkably, the expectation value of the mechanical OAM depends only on the Landau
quantum number n, and it does not depends on the eigen-valuem of the canonical OAM. We also
recall that the expectation value of the mechanical OAM is just proportional to the eigen-energies
of the Landau level, or the expectation value of the Landau Hamiltonian :
En =
(
n +
1
2
)
ω =
e B
2me
〈Ψ(S )n,m | Lmech |Ψ(S )n,m〉. (24)
This is consistent with the known fact that what describes the physical cyclotron motion is the
mechanical OAM not the canonical one.
One might naturally ask the following question. What are expectation values of the two
angular momentum operators in the Landau gauge ? Since the mechanical OAM is generally
believed to be a gauge-invariant operator, one might at least anticipate that the expectation value
of the mechanical OAM operator is independent of the gauge choice, i.e. it is the same in both
the symmetric and Landau gauges. The problem is more subtle than this naive expectation. To
see it, imagine that we want to evaluate the expectation value of the canonical OAM operator in
the Landau gauge, or more precisely the expectation value between the standard eigen-states in
the Landau gauge,
〈Lcan〉 ≡ 〈Ψ(L)n,ky | − i
(
x
∂
∂y
− y ∂
∂x
)
|Ψ(L)
n,ky
〉. (25)
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First, this expression must be taken with care, because the plane-wave in the y-direction is not
normalizable. To make the expression finite, the box normalization was adopted in [15], which
means the replacement
1√
2 π
e i ky y → 1√
L
e i ky y with − L
2
≤ y ≤ L
2
. (26)
With this replacement, the expectation value of the canonical OAM operator becomes
〈Lcan〉 = −
k2y
eB
. (27)
With the same box normalization, the expectation value of the potential OAM operator is shown
to be
〈Lpot〉 ≡ 〈Ψ(L)n,ky | − e B x
2 |Ψ(L)
n,ky
〉 = −

(
n +
1
2
)
+
k2y
eB
 . (28)
(There is a factor of two mistake in Eq.(59) of [15], which gives 2 n + 1 instead of n + 1
2
in the
above equation. This led to an erroneous conclusion that the expectation value of the mechanical
OAM operator in the Landau gauge, or more precisely in the expectation value in the standard
eigen-functions in the Landau gauge, is the same as that in the symmetric gauge. See below
for more detail.) The expectation value of the mechanical OAM operator can easily be obtained
from the above two relations :
〈Lmech〉 = 〈Lcan〉 − 〈Lpot 〉 = n + 1
2
. (29)
We find that the k2y dependent terms in the expectation values of the canonical OAM and potential
OAM terms cancel exactly. However, the expectation value of the mechanical OAM in the
Landau gauge turns out to be half of the corresponding expectation value in the symmetric gauge.
At first glance, this result appears to contradict the standard belief that the mechanical OAM
operator is a gauge-invariant quantity. However, it would be more legitimate to say that the
k2y dependent terms, contained in both of (27) and (28), do not have clear physical meaning
at least in its present form. This is due to the fact that, for the eigen-functions in the Landau
gauge, y-coordinate of the electron is totally uncertain. After all, we conclude that the concept
of orbital angular momentum does not have well-defined physical meaning within the standard
eigen-functions in the Landau gauge.
The above analysis shows that the issue of the gauge-invariance of the mechanical OAM in
the Landau problem should be investigated more carefully. It is a widely-known fact that the
two gauge choices, i.e. the symmetric gauge and the Landau gauge, are related by the gauge
transformation, AL = AS + ∇χ with χ = 12 B x y. To understand the true meaning of this gauge
transformation, we first briefly review the consequence of gauge-invariance in quantummechan-
ics. In quantum mechanics, the gauge transformation
A′ = A + ∇χ, (30)
must be supplemented with the phase transformation of the charged particle wave function
ψ′(r) = ei q χ(r) ψ(r), (31)
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such that the identity
( pˆ − q A′(r))ψ′(r) = e i q χ(r) ( pˆ − q A(r))ψ(r), (32)
holds. The standard statement is that observables of the type
〈ψ′f (r) |O1(r) |ψ′i(r)〉 = 〈ψ f (r) |O1(r) |ψi(r)〉, (33)
and also of the type
〈ψ′f (r) |O2( pˆ− q A′) |ψ′i(r)〉 = 〈ψ f (r) |O2( pˆ− q A) |ψi(r)〉, (34)
are unchanged by the gauge transformations, i.e. they are gauge-invariant.
The coordinate operator rˆ is the simplest example of the first type of observables. The me-
chanical momentum pˆ− q A as well as the mechanical orbital angular momentum r × ( pˆ− q A)
are special examples of the 2nd types of operator. (Aside from the above few paragraphs, the
quantum operators rˆ and pˆ are simply denoted as r and p, since no confusion is expected to oc-
cur.) From the general statement above, one might naively anticipate that the following relation
would hold
〈Ψ(L) | L(L)
mech
|Ψ(L)〉 = 〈Ψ(S ) | L(S )
mech
|Ψ(S )〉. (35)
Here, L
(S )
mech
= [r × (p+ e AS )]z is the mechanical OAM operator in the symmetric gauge, while
|Ψ(S )〉 are the eigen-states of the Landau Hamiltonian in the same gauge. On the other hand,
L
(L)
mech
= [r × (p+ e AL)]z is the mechanical OAM operator in the Landau gauge, while |Ψ(L)〉 are
the eigen-states of the Landau Hamiltonian in the Landau gauge. These quantities are supposed
to be related by the unitary (gauge) transformation U = e−
1
2
i e B x y as
|Ψ(L)〉 = U |Ψ(S )〉, (36)
and
L
(L)
mech
= U L
(S )
mech
U†. (37)
However, it turns out that there is an oversight in the above naive reasoning. This is due to
the well-known degeneracy of the eigen-states of the Landau Hamiltonian [16]. An important
point is that the eigen-states of the Landau Hamiltonian with a given Landau quantum number n
has infinitely many degeneracies in both of the symmetric gauge and the Landau gauge. Because
of this degeneracy, it happens that the standard wave functions in the Landau gauge are not
connected with those in the symmetric gauge by a simple gauge transformation.
To understand this complexity in more concrete and clearer way, let us consider the operation
of the gauge transformation matrix U on the eigen-states |Ψ(S )n,m〉 in the symmetric gauge, which
are characterized by the two quantum numbers, i.e. the Landau quantum number n and the
eigenvalue m of the canonical OAM operator. With use of the completeness relation for the
eigen-states |Ψ(L)
n,ky
〉 in the Landau gauge, we generally have
U |Ψ(S )n,m〉 =
∑
n′
∫
dky |Ψ(L)n′,ky〉 〈Ψ
(L)
n′ ,ky
|U |Ψ(S )n,m〉, (38)
where
〈Ψ(L)
n′ ,ky
|U |Ψ(S )n,m〉 ≡
∫
dx dyΨ
(L)∗
n′,ky
(x, y) e− i
1
2
e B x y
Ψ
(S )
n,m(x, y). (39)
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In Appendix A, we show that the above gauge transformation matrix is diagonal in the Landau
quantum number, i.e.
〈Ψ(L)
n′ ,ky
|U |Ψ(S )n,m〉 = δn′,n 〈Ψ(L)n,ky |U |Ψ
(S )
n,m〉. (40)
Actually, this is an anticipated fact, since the gauge transformation does not change the Landau
energy, which is characterized by the quantum number n.
Since the above gauge transformation matrix is a function of ky or x0 = − l2B ky, we denote it
as Un,m(x0), i.e.
〈Ψ(L)
n,ky
|U |Ψ(S )n,m〉 ≡ Un,m(x0). (41)
Thus Eq.(38) can be written as
U |Ψ(S )n,m〉 =
∫
dkyUn,m(x0) |Ψ(L)n,ky〉. (42)
This relation shows what is generated by the action of the gauge transformation operator U on
the eigen-states |Ψ(S )n,m〉 in the symmetric gauge is a superposition of the eigen-states |Ψ(L)n,ky〉 in the
Landau gauge with respect to the variable ky or x0. The above transformation matrix Un,m(x0)
corresponds to the matrix Rn,m(x0) in the paper by Haugset et al. [17], although this fact is not so
transparent, since their treatment is based on a sort of gauge-invariant formulation of the Landau
problem. In our present treatment, which is based on the standard (gauge-fixed) formulation of
the Landau problem, the weight function Un,m(x0) appearing in (42) is just the matrix element
of the gauge transformation operator U sandwiched with the standard eigen-states in the Landau
and symmetric gauges.
The calculation of the weight function Un,m(x0) is elementary but a little involved, so that the
detailed derivation is shown in Appendix A. The answer is given as
Un,m(x0) = Cn,m Hn−m
(
x0
lB
)
e
− x
2
0
2 l2
B , (43)
where Hn(x) is the standard Hermite polynomial, and
Cn,m = lB
(
1√
π 2n−m (n − m)! lB
)1/2
. (44)
Now, inserting (43) into the r.h.s. of (42), we can show that the following relation holds
∫
dkyUn,m(x0)Ψ
(L)
n,ky
(x, y) = e− i
1
2
e B x y
Ψ
(S )
n,m(x, y). (45)
The proof of this relation is given in Appendix B.
It is convenient to define the l.h.s. of the above equation newly as Ψ
(L)
n,m(x, y), i.e.
Ψ
(L)
n,m(x, y) ≡
∫
dky Un,m(x0)Ψ
(L)
n,ky
(x, y). (46)
Then, the relation that we have found can be expressed as
Ψ
(L)
n,m(x, y) = e
− i 1
2
e B x y
Ψ
(S )
n,m(x, y). (47)
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We may now say that the l.h.s. of the above equation gives wave functions in the Landau gauge,
which is obtained from the eigen-functions in the symmetric gauge by the simple gauge trans-
formation with the gauge function χ = 1
2
B x y. However, the important point is that they are not
the standard eigen-functions in the Landau gauge but their particular superpositions.
We are now ready to evaluate the expectation values of the orbital angular momentum oper-
ators
Lcan = − i
(
x
∂
∂y
− y ∂
∂x
)
, (48)
Lpot = − e B x2, (49)
Lmech = Lcan − Lpot, (50)
between the superposed eigenstatesΨ
(L)
n,m(x, y) in the Landau gauge. With use of the relation (47),
the expectation values of the canonical OAM and the potential OAM can be easily obtained as
〈Ψ(L)n,m | Lcan |Ψ(L)n,m〉 = 〈Ψ(L)n,m | − i
(
x
∂
∂y
− y ∂
∂y
)
|Ψ(L)n,m〉 = m,
and
〈Ψ(L)n,m | Lpot |Ψ(L)n,m〉 = 〈Ψ(L)n,m | − e B x2 |Ψ(L)n,m〉 = − (2 n + 1 − m). (51)
Combining these, we finally get
〈Ψ(L)n,m | Lmech |Ψ(L)n,m〉 = 〈Ψ(L)n,m | Lcan |Ψ(L)n,m〉 − 〈Ψ(L)n,m | Lpot |Ψ(L)n,m〉
= m + (2 n + 1 − m) = (2 n + 1). (52)
This precisely coincides with the expectation value of the mechanical OAM operator evaluated
in the symmetric gauge. We have thus confirmed that the mechanical OAM is in fact a gauge-
invariant quantity.
3. Canonical and mechanical orbital angular momenta in the gauge-invariant formulation
of the Landau problem
First, we briefly review the general framework of the gauge-invariant formulation of quantum
electrodynamics (QED) a la DeWitt [18] and Mandelstam [19]. (See also [20].) According to
DeWitt, once an appropriate set of electron and photon fields (ψ(x), Aµ(x)) is given, the gauge-
invariant set of the electron and photon fields (ψ˜(x), A˜µ(x)) can be constructed as
ψ˜(x) ≡ e i eΛ(x) ψ(x), (53)
A˜µ(x) ≡ Aµ(x) − ∂µΛ(x), (54)
by introducing the function
Λ(x) =
∫ 1
0
Aσ(z)
∂zσ
∂ξ
dξ, (55)
where zµ(x, ξ) represents a point on the line connecting an appropriate starting point x0 (the
reference point) and the point x in the 4-dimensional Minkowski space, with ξ being a parameter
specifying the path with the following boundary conditions :
zµ(x, 1) = xµ, and zµ(x, 0) = x
µ
0
, (56)
∂zµ
∂xλ
∣∣∣∣∣
ξ=1
= δ
µ
λ
, and
∂zµ
∂xλ
∣∣∣∣∣
ξ=0
= 0. (57)
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Under an arbitrary gauge transformation for the electron and photon fields given by
ψ(x) → e− i e [ω(x)−ω(x0)] ψ(x), (58)
Aµ(x) → Aµ(x) + ∂µ[ω(x) − ω(x0)] = Aµ(x) + ∂µω(x), (59)
the function Λ(x) transforms as
Λ(x) →
∫ 1
0
(Aσ(z) + ∂σω(z))
∂zσ
∂ξ
dξ
=
∫ 1
0
Aσ(z)
∂zσ
∂ξ
dξ +
∫ 1
0
∂ω(z)
∂ξ
dξ = Λ(x) + [ω(x) − ω(x0)]. (60)
One may notice that our gauge transformation rule (58) is somewhat unusual in the sense that it
depends on the reference point x0 in addition to the point x where the field is evaluated. In the
original formulation of DeWitt, this peculiarity is hidden in some sense, since the reference point
is taken to be space-time infinity. Our formulation below needs to take this reference point to be
some point in a finite region. As a consequence, the gauge trans,formation rule (58) is required
for that the gauge-invariant electron and photon fields defined by (53) and (54) are in fact gauge-
invariant, as explicitly demonstrated below. Formally, the transformation rule (58) amounts to
combining a gauge transformation with a global phase transformation. Especially, it just reduces
to an identity at the reference point x0. As we shall see, the above gauge transformation rule does
not cause any practical problem in our following analysis.
In any case, under the above gauge transformation, the field ψ˜(x) transforms as
ψ˜(x) → e i e [Λ(x)+(ω(x)−ω(x0 ))] e− i e (ω(x)−ω(x0)) ψ(x)
= e i eΛ(x) ψ(x) = ψ˜(x), (61)
i.e., the new electron wave function ψ˜(x) is gauge-invariant. The gauge-invariance of A˜µ(x) can
also be readily verified. For the sake of completeness, we reproduce the proof. The proof goes
as follows :
A˜µ(x) = Aµ(x) − ∂µΛ(x)
= Aµ − ∂µ
∫ 1
0
Aσ(z)
∂zσ
∂ξ
dξ
= Aµ −
∫ 1
0
∂νAσ(z)
∂zν
∂xµ
∂zσ
∂ξ
dξ −
∫ 1
0
Aσ(z)
∂
∂ξ
(
∂zσ
∂xµ
)
dξ
= Aµ −
∫ 1
0
∂νAσ(z)
∂zν
∂xµ
∂zσ
∂ξ
dξ
+
∫ 1
0
∂ν Aσ(z)
∂zν
∂ξ
∂zσ
∂xµ
dξ − Aσ(z) ∂z
σ
∂xµ
∣∣∣∣∣
ξ=1
ξ=0
= Aµ −
∫ 1
0
∂νAσ(z)
∂zν
∂xµ
∂zσ
∂ξ
dξ
+
∫ 1
0
∂ν Aσ(z)
∂zν
∂ξ
∂zσ
∂xµ
dξ − Aσ(x) δµσ
= −
∫ 1
0
( ∂ν Aσ − ∂σ Aν ) ∂z
ν
∂xµ
∂zσ
∂ξ
dξ. (62)
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We thus find the key expression
A˜µ(x) = −
∫ 1
0
Fνσ(z)
∂zν
∂xµ
∂zσ
∂ξ
dξ. (63)
Since the r.h.s. of the above relation is expressed only in terms of gauge-invariant field-strength
tensor, the gauge-invariance of A˜µ(x) is self-evident. This is the essence of the gauge-invariant
formulation of QED by DeWitt. Here is a catch, however. Although the r.h.s. of (63) is cer-
tainly gauge-invariant, it generally depends on the path connecting the reference point x0 and the
point x. (This observation is very important, because there are in principle infinitely many paths
connecting the two space-time points x0 and x.)
We are now ready to apply the gauge-invariant (but path-dependent) formulation of DeWitt
to the Landau problem. Since the Landau problem is a non-relativistic and stationary quantum
mechanical problem in two spatial dimension, we can introduce the gauge-invariant electron
wave function Ψ˜(x, y) by
Ψ˜(x, y) ≡ Ψ˜(C)(x, y) = e i eΛ(x,y)Ψ(x, y), (64)
with the path-dependent phase factor,
Λ(x, y) =
∫
C
A(x) · dx, (65)
where C is a path connecting some reference point (x0, y0) and the point (x, y) in the two-
dimensional plane. (We recall that the electron charge is − e with e > 0 in our notation). Alterna-
tively, we can express the original electron wave function Ψ(x, y) in terms of the gauge-invariant
electron wave function Ψ˜(C)(x, y) as
Ψ(x, y) = U(C) Ψ˜(C)(x, y), (66)
with
U(C) = e− i e
∫
C
A(x)·dx. (67)
In the following, two different types of path choice will be considered, separately in two subsec-
tions.
3.1. polygonal line paths in rectangular coordinate
Two simple choices of path connecting (x0, y0) = (0, 0) and (x, y) in the x-y plane are il-
lustrated in Fig.1. They are made up of line segments parallel to either of the two rectangular
coordinate axes :
C1 : (0, 0) → (x, 0) → (x, y), (68)
C2 : (0, 0) → (0, y) → (x, y). (69)
Selecting the path C1, the relation between the standard electron wave function Ψ(x, y) and
the gauge-invariant (but path-dependent) electron wave function Ψ˜(C1 )(x, y) are given as
Ψ(x, y) = U1 Ψ˜
(C1 )(x, y), (70)
with
U1 ≡ e− i e
∫
C1
A(x)·dx
= e− i e
{∫ x
0
Ax(x
′,0) dx′ +
∫ y
0
Ay(x,y
′) dy′
}
. (71)
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xy
C2
C1
(x; y)
(x; 0)
(0; y)
(0; 0)
Figure 1: The two polygonal line paths C1 and C2 defined in the rectangular coordinate system.
On the other hand, with choice of the path C2, we have
Ψ(x, y) = U2 Ψ˜
(C2 )(x, y), (72)
with
U2 ≡ e− i e
∫
C2
A(x)·dx
= e− i e
{∫ y
0
Ay(0,y
′) dy′ +
∫ x
0
Ay(x
′,y) dx′
}
. (73)
There is a nontrivial relation between the two operators U1 and U2. In fact, we have
U1 U
− 1
2 = e
− i e
∫
C1
A(x)·dx
e
+ i e
∫
C2
A(x)·dx
= e
− i e
∮
C1−C2
A(x)·dx
= e− i e
∫∫
S
(∇×A(x))·dS. (74)
With use of the Stokes theorem, this gives
U1 U
− 1
2 = e
− i e B x y. (75)
To get some insight into the implication of the two path choices, we find it useful to examine
the gauge-invariant photon fields corresponding to the two paths C1 and C2. First, for the path
choice C1, the gauge-invariant photon fields defined by Eq.(63) becomes
A˜(x, y) ≡ A˜(C1)(x, y) = − B y ex, (76)
which is nothing but the gauge potential in the 1st Landau gauge. On the other hand, for the
choice of path C2, the gauge-invariant photon field defined by Eq.(63) reduces to
A˜(x, y) ≡ A˜(C2 )(x, y) = B x ey, (77)
which just coincides with the gauge potential in the 2nd Landau gauge.
In the following, we adopt the 1st form of representation (70) corresponding to the choice of
path C1. We have already pointed out that the gauge-invariant photon field corresponding to this
path takes the form (76). This indicates that, in this setting of the gauge-invariant formulation,
the Landau problem would reduce to that in the 1st Landau gauge. In the following, we shall
show that it is indeed the case. To confirm it, we start with the original Schro¨dinger equation
HΨ(x, y) = EΨ(x, y), (78)
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where H is the standard Landau Hamiltonian given as
H =
p2
2me
+
e
me
A · p − i e
2me
(∇ · A) + e
2
2me
A2. (79)
Using the relation (70), we can transform the above eigen-equation into the equation for the
gauge-invariant electron wave functions Ψ˜(C1 )(x, y) as
H˜1 Ψ˜
(C1)(x, y) = E Ψ˜(C1)(x, y), (80)
where
H˜1 ≡ U− 11 H U1. (81)
After some elementary algebra, we find that
H˜1 =
p2
2me
+
e
me
A˜(C1 ) · p − i e
2me
(∇ · A˜(C1 )) + e
2
2me
(
A˜(C1)
)2
, (82)
where A˜(C1) is given by (76). This means that the transformedHamiltonian H˜1 formally coincides
with the Landau Hamiltonian in the 1st Landau gauge. Explicitly, it takes the form,
H˜1 =
1
2me
p2x +
1
2me
p2y +
e2 B2
2me
y2 − e B
me
y px. (83)
As is well-known, since this Hamiltonian does not contain x-dependent potential term, Ψ˜(C1)(x, y)
has the following form of solutions :
Ψ˜
(C1)(x, y) = e i kx x Y(y), (84)
where kx is the eigenvalue of the canonical momentum operator px = − i ∂∂x as
px Ψ˜
(C1 )(x, y) = kx Ψ˜
(C1 )(x, y). (85)
Putting (84) into (80), one finds that Y(y) satisfies the following equation :
[
− 1
2me
d2
dy2
+
1
2me
(kx − e B y)2
]
Y(y) = E Y(y). (86)
This is nothing but an equation for a one-dimensional harmonic oscillator with shifted center of
oscillation, whose solution is well-known. They are given by
Ψ˜
(C1 )
n,kx
(x, y) = e i kx x Yn(y), (87)
with
Yn(y) =
1√
2 π
Nn Hn
(
y − y0
lB
)
e
− (y−y0 )
2
2 l2
B . (88)
Then, the original electron wave functions Ψ(x, y) are given by
Ψ(x, y) ≡ Ψ(C1 )
n,kx
(x, y) = U1 Ψ˜
(C1)
n,kx
(x, y). (89)
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Since the form of the original electron wave functions obtained in the above way depend on the
chosen path C1 by construction, we have explicitly written them as Ψ
(C1 )
n,kx
(x, y).
Incidentally, the eigen-equation (85) for the canonical momentum can also be transformed
back to an equation for the original electron wave functions. It reads as
U1 pxU
− 1
1 Ψ
(C1)
n,kx
(x, y) = kxΨ
(C1 )
n,kx
(x, y). (90)
A simple manipulation shows that
U1 pxU
− 1
1 = px + e Ax + e B y = Kx. (91)
Note that the r.h.s. of this equation is nothing but the x-component of the pseudo-momentum
operator K intensively discussed by Konstantinou and Moulopoulus [8],[9] :
K = p + e A + e r × B = Π + e r × B. (92)
Summarizing the analysis so far, the electron wave functions obtained in the above way are
the simultaneous eigen-states of the operator Kx and the Landau Hamiltonian H :
KxΨ
(C1 )
n,kx
(x, y) = kxΨ
(C1)
n,kx
(x, y), (93)
HΨ
(C1 )
n,kx
(x, y) = EnΨ
(C1)
n,kx
(x, y) =
(
n +
1
2
)
ωΨ
(C1)
n,kx
(x, y), (94)
where ω = e B
me
. Furthermore, if we use the relation (75), the eigen-functions Ψ
(C1)
n,ky
(x, y) can be
written in the following form :
Ψ
(C1 )
n,kx
(x, y) = U1 Ψ˜
(C1)
n,kx
(x, y) = U2 e
− i e B x y
Ψ˜
(C1)
n,kx
(x, y)
= e i kx x e− i e B x y e− i e
{∫ y
0
Ay(0,y
′) +
∫ x
0
Ax(x
′ ,y)dx′
}
Yn(y). (95)
This precisely coincides with the expression given in the paper by Konstantinou andMoulopoulus
by a totally different flow of the logic. As emphasized by them, a remarkable fact is that Eq. (95)
combined with (88) provide us with the eigen-functions of the Landau Hamiltonian for arbitrary
form of the vector potential A. However, one should not forget about the fact that these solutions
contain path-dependent (nonlocal) phase factor, sometimes called the Wilson line.
The case, in which the path C2 is chosen, can be treated in a similar manner, so that we
do not repeat it. After all, the electron wave functions Ψ(C2)(x, y) obtained with this choice of
path C2 are the simultaneous eigen-states of the pseudo-momentum operator Ky and the Landau
Hamiltonian H :
KyΨ
(C2)
n,ky
(x, y) = kyΨ
(C2)
n,ky
(x, y), (96)
HΨ
(C2)
n,ky
(x, y) = EnΨ
(C2 )
n,ky
(x, y) =
(
n +
1
2
)
ωΨ
(C2 )
n,ky
(x, y), (97)
where
Ky ≡ py + e Ay − e B x. (98)
They are explicitly expressed as
Ψ
(C2)
n,ky
(x, y) = U2 e
i ky y Xn(x), (99)
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with
U2 = U1 e
i e B x y
= e i e B x y e− i e
{∫ x
0
Ax(x
′ ,0) dx′ +
∫ y
0
Ay(x,y
′) dy′
}
, (100)
and
Xn(x) =
1√
2 π
Nn Hn
(
x − x0
lB
)
e
− (x−x0 )
2
2 l2
B . (101)
Now we have two types of eigen-functions of the Landau Hamiltonian in the rectangular
coordinate. The one is the simultaneous eigen-states of the pseudomomentumKx and the Landau
Hamiltonian H. The other is the simultaneous eigen-states of the pseudo momentum Ky and H.
To understand the physical meaning of these eigen-functions as well as the meaning of gauge
choice in the Landau problem, it is useful to investigate the function of three different types of
momentum operators, i.e. the canonical momentum Kcan, the mechanical momentum Kmech, and
the pseudo momentum K. They are given by
Kcanx ≡ px, Kmechx ≡ px + e Ax, Kx ≡ px + e Ax + e B y, (102)
and
Kcany ≡ py, Kmechy ≡ py + e Ay, Ky ≡ py + e Ay − e B x. (103)
Summarized below is the effect of operation of the three types of operators, Kcanx ,K
mech
x , and
Kx on the states |Ψ(C1)n,kx 〉, which are simultaneous eigenstates of the operator Kx and H :
1) 1st Landau gauge : AL1 = − B y ex
Kcanx Ψ
(C1)
n,kx
(x, y) = kxΨ
(C1)
n,kx
(x, y), (104)
Kmechx Ψ
(C1)
n,kx
(x, y) = (kx − e B y)Ψ(C1)n,kx (x, y), (105)
Kx Ψ
(C1)
n,kx
(x, y) = kxΨ
(C1)
n,kx
(x, y). (106)
2) 2nd Landau gauge : AL2 = B x ey
Kcanx Ψ
(C1)
n,kx
(x, y) = (kx − e B y)Ψ(C1)n,kx (x, y), (107)
Kmechx Ψ
(C1)
n,kx
(x, y) = (kx − e B y)Ψ(C1)n,kx (x, y), (108)
Kx Ψ
(C1)
n,kx
(x, y) = kxΨ
(C1)
n,kx
(x, y). (109)
3) symmetric gauge : AS = − 12 B y ex + 12 B x ey
Kcanx Ψ
(C1)
n,kx
(x, y) = (kx − 1
2
e B y)Ψ
(C1)
n,kx
(x, y), (110)
Kmechx Ψ
(C1)
n,kx
(x, y) = (kx − e B y)Ψ(C1)n,kx (x, y), (111)
KxΨ
(C1)
n,kx
(x, y) = kxΨ
(C1 )
n,kx
(x, y). (112)
One can see that the results of operation of the canonical momentum operator Kcanx are all
different depending on three gauge choices. This is thought to be a manifestation of gauge-variant
nature of the canonical momentum. On the other hand, the result of operation of the operators
Kmechx and Kx are all independent of the gauge choice. It is only natural, because both of K
mech
x
and Kx are manifestly gauge-invariant operators. Note, however, that the operations of K
mech
x and
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Table 1: The expectation values of the three types of momentum operators, Kcanx , K
mech
x , and Kx on the states |Ψ(C1 )n,kx 〉.
AL1 = − B y ex AL2 = B x ey AS = − 12 B y ex + 12 B x ey
〈Kcanx 〉 kx 0 12 kx
〈Kmechx 〉 0 0 0
〈Kx〉 kx kx kx
Kx apparently give different answers. This last point may be seen in more obvious way through
the comparison of the expectation values.
Table 1 shows the comparison of the expectation values of the three operators Kcanx , K
mech
x ,
and Kx in the same eigenstates |Ψ(C1)n,kx 〉 with different gauge choices. One confirms that the ex-
pectation values of the canonical momentum operator Kcanx is gauge-dependent. On the other
hand, the expectation values of the mechanical momentum operator Kmechx are independent of
the gauge choices. This is again an expected result for the mechanical momentum, since it is a
gauge-invariant quantity. What is less familiar is the role of another gauge-invariant momentum,
which is called the pseudo momentum Kx in the literatures [8],[9],[10]. The expectation values
of this operator take the same value kx independently of the choices of gauge. Furthermore, it
coincides with the expectation value of the canonical momentum operator Kx in the 1st Lan-
dau gauge. This is not surprising, if we remember the following two facts. First, |Ψ(C1)
n,kx
〉 are the
eigen-functions of the pseudo-momentumoperator Kx with the eigenvalue kx with any choices of
gauge. Second, the pseudo-momentumoperator Kx reduces to the canonical momentum operator
Kcanx in the 1st Landau gauge. However, one should clearly recognize the fact that an expectation
value kx of the operator Kx is apparently different from that of the mechanical momentum oper-
ator Kmechx , which is zero. As such, although K
mech
x and Kx are both gauge-invariant, they have
totally different physical meaning.
To understand the importance of this difference, we first recall that an electron in a uniform
magnetic field makes an circular motion around some center. Obviously, the x-component of
the electron’s momentum averaged over the period of this circular motion is zero. The fact
that the expectation values of the mechanical momentum operator Kmechx are zero irrespectively
of the gauge choices is completely consistent with this observation, which is not unrelated to
the physical nature of the mechanical momentum. On the other hand, we have seen that the
expectation values of the pseudo-momentum operator Kx are kx, which are generally nonzero.
(We recall once again that the states |Ψ(C1)
n,kx
〉 are the eigen-states of the operator Kx with the eigen-
value kx. In view of the relation kx = l
2
B
x0, we may as well say that |Ψ(C1)n,kx 〉 are the eigen-states
of the guiding-center operator x0.) This observation indicates purely theoretical nature of the
operator Kx. It would be certainly true that the pseudo momentum is a useful theoretical concept,
which enables us to understand the mutual relation between different gauge choices. However, it
is also true that there is no direct relation between its gauge-invariant nature and observability.
A similar analyses can be carried out for the eigenstates |Ψ(C2)
n,ky
(x, y)〉 and the corresponding
momentum operators Kcany , K
mech
y , and Ky. Since the general features are nothing different from
the case of |Ψ(C1)
n,kx
(x, y)〉, except that the role of x and y coordinates is exchanged, we do not repeat
essentially the same analyses.
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3.2. paths in circular coordinate
Two simple choices of path connecting the reference point (r0, φ0) ≡ (0, 0) and the point (r, φ)
in the circular coordinate representation may be given by
CI : (0, 0) → (r, φ), (113)
CII : (0, 0) → (r, 0) → (r, φ), (114)
as illustrated in Fig.2.
x
y
(0; 0) (r; 0)
(r;φ)
CII
CI
Figure 2: The two paths CI and CII defined in the circular coordinate system.
Selecting path CI, the relation between the original electron wave function Ψ(r, φ) and the
gauge-invariant wave function Ψ˜(CI)(r, φ) is given by
Ψ(r, φ) = UI Ψ˜
(CI )(r, φ), (115)
with
UI ≡ e− i e
∫
CI
A(x)·dx
= e− i e
∫ r
0
Ar(r
′ ,φ)dr′ , (116)
where Ar(r, φ) is the radial component of the vector potential.
On the other hand, with the choice of the path CII, we have
Ψ(r, φ) = UII Ψ˜
(CII)(r, φ), (117)
with
UII ≡ e− i e
∫
CII
A(x)·dx
= e− i e
{∫ r
0
Ar(r
′ ,0)dr′ +
∫ φ
0
r Aφ(r,φ
′) dφ′
}
, (118)
where Aφ(r, φ) is the azimuthal component of the vector potential.
Again there is a nontrivial relation between the two operatorsUI andUII, which follows from
the Stokes theorem. The relation is given by
U− 1II UI = e
i e
∮
CII−CI
A(x)·dx
= e i
1
2
e B r2 φ. (119)
This identity gives a relation between the two forms of gauge-invariant electron wave functions
as
Ψ˜
(CII)(r, φ) = e i
1
2
e B r2 φ
Ψ˜
(CI)(r, φ). (120)
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We shall come back to this relation when we discuss the gauge-invariant electron wave functions
corresponding to the path CII.
To get an insight into the implication of the two path choices, it is again useful to examine
the gauge-invariant photon fields corresponding to the two paths CI and CII. First, for the path
choice CI, the gauge-invariant photon fields defined by Eq.(63) becomes
A˜(r, φ) ≡ A˜(CI)(r, φ) = 1
2
B r eφ, (121)
which coincides with the gauge-potential in the symmetric gauge. On the other hand, for the path
choice CII, we find that
A˜(r, φ) ≡ A˜(CII )(r, φ) = − B r φ er, (122)
which is the gauge potential in the so-called Bawin-Burnel gauge [21]. (We recall that the Bawin-
Burnel gauge is a singular and multi-valued gauge.) In any case, this simple analysis again
indicates an intimate connection between the choice of gauge and the choice of path. Even
stronger statement was made by Yang in a paper [22] titled “Equivalence of path dependence and
gauge dependence”. According to his claim, a particular path choice is nothing but a particular
choice of gauge, i.e. they are totally equivalent. As we shall discuss below, our conclusion
is delicately different from his conclusion. Despite the intimate connection between the path
choice and the gauge choice, the choice of a particular path never prevents us from taking any
other gauges.
Let us start our analysis with simpler path choice CI. With this choice of path, the original
Schro¨dinger equation can be transformed to the following equation for Ψ˜(CI) :
H˜I Ψ˜
(CI)(r, φ) = E Ψ˜(CI )(r, φ), (123)
where
H˜I ≡ U− 1I H UI. (124)
After some lengthy calculation, we can show that
H˜I =
p2
2me
+
e
me
A˜(CI) · p − i e
2me
(∇ · A˜(CI )) + e
2
2me
(
A˜(CI )
)2
, (125)
where A˜(CI ) is given by (121). This means that the transformed Hamiltonian H˜I formally coin-
cides with the Landau Hamiltonian in the symmetric gauge. Explicitly, it takes the form
H˜I = −
1
2me
1
r
∂
∂r
(
r
∂
∂r
)
− 1
2me r2
∂2
∂φ2
− i e B
2me
∂
∂φ
+
e2 B2
8me
r2. (126)
Since this transformed Hamiltonian contains no φ-dependent potential term, the solution takes
the following form :
Ψ˜
(CI)(r, φ) = e i m φ R(r), (127)
where m is the eigenvalue of the canonical OAM operator Lcanz as
Lcanz Ψ˜
(CI)(r, φ) = m Ψ˜(CI )(r, φ). (128)
Putting (127) into (123), one finds that R(r) satisfies the following equation :−
1
2me
1
r
d
dr
(
r
d
dr
)
+
1
2me r2
(
m +
1
2
e B r2
)2 R(r) = E R(r). (129)
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The solution of this equation is well known. After all, we are led to the following form of
eigen-functions :
Ψ˜
(CI)
n,m (r, φ) = e
i mφ Rn,m(r), (130)
with
Rn,m(x, y) =
1√
2 π
Nn,m
 r2
2 l2
B

|m|/2
e
− r2
4 l2
B L
|m|
n− |m|+m
2
 r2
2 l2
B
 . (131)
As a consequence, the original electron wave functions Ψ(r, φ) are given as
Ψ(r, φ) ≡ Ψ(CI )n,m (r, φ) = UI Ψ˜(CI )n,m (r, φ). (132)
Since the form of the original electron wave functions obtained in the above way depends on the
chosen path CI by construction, we have explicitly written them as Ψ
(CI)
n,m (r, φ).
As before, the eigen equation (128) for the canonical OAM operator can be transformed back
into the equation for the original electron wave functions. It reads as
UI L
can
z U
− 1
I Ψ
(CI )
n,m (r, φ) = mΨ
(CI)
n,m (r, φ). (133)
A simple manipulation shows that
UI L
can
z U
− 1
I = − i
∂
∂φ
+ e r Aφ − 1
2
e B r2. (134)
Note that the r.h.s. of this equation is nothing but the pseudo OAM operator Lz of Konstantinou
and Moulopoulus [8],[9] :
Lz = (r × p)z + e (r × A)z −
1
2
e B r2 = (r ×Π)z −
1
2
e B r2. (135)
To sum up, the electron wave functions obtained in the above way are the simultaneous eigen-
states of the operator Lz and the Landau Hamiltonian H :
HΨ(CI )n,m (r, φ) = EnΨ
(CI)
n,m (r, φ) =
(
n +
1
2
)
ωΨ(CI )n,m (r, φ), (136)
Lz Ψ
(CI )
n,m (r, φ) = mΨ
(CI)
n,m (r, φ). (137)
If we use the relation (119), the above eigen-functions Ψ
(CI )
n,m (r, φ) can also be expressed in the
following form :
Ψ
(CI )
n,m (r, φ) = UI Ψ˜
(CI)
n,m (r, φ) = UII e
i 1
2
e B r2 φ
Ψ˜
(CI)
n,m (r, φ)
= e i m φ e i
1
2
e B r2 φ e− i e
{∫ r
0
Ar(r
′ ,0) dr′ +
∫ φ
0
r Aφ(r,φ
′) dφ′
}
Rn,m(r), (138)
which reproduces the expression of Konstantinou and Moulopoulus obtained with a different
method. We emphasize once again that these solutions are given independently of the choice of
the gauge potential A.
To understand the physical implication of these eigen-states together with the meaning of the
gauge choice in the Landau problem, it is instructive to investigate the function of three types
of orbital angular momentum (OAM) operators, i.e. the canonical OAM, the mechanical OAM,
and the pseudo OAM on these eigen-states. Shown below are the effect of operation of the three
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types of orbital angular momentum (OAM) operators, Lcanz , L
mech
z , and Lz on the states |Ψ(CI)n,m 〉,
which are the simultaneous eigen-states of the operator Lz and the Landau Hamiltonian H :
1) 1st Landau gauge : AL1 = − B y ex
Lcanz Ψ
(CI)
n,m (r, φ) =
(
m +
1
2
eBr2 cos 2φ
)
Ψ
(CI )
n,m (r, φ), (139)
Lmechz Ψ
(CI)
n,m (r, φ) =
(
m +
1
2
eBr2
)
Ψ
(CI)
n,m (r, φ), (140)
Lz Ψ
(CI)
n,m (r, φ) = mΨ
(CI)
n,m (r, φ). (141)
2) 2nd Landau gauge : AL2 = B x ey
Lcanz Ψ
(CI)
n,m (r, φ) =
(
m − 1
2
eBr2 cos 2φ
)
Ψ
(CI )
n,m (r, φ), (142)
Lmechz Ψ
(CI)
n,m (r, φ) =
(
m +
1
2
eBr2
)
Ψ
(CI)
n,m (r, φ), (143)
Lz Ψ
(CI)
n,m (r, φ) = mΨ
(CI)
n,m (r, φ). (144)
3) symmetric gauge : AS =
1
2
B r eφ
Lcanz Ψ
(CI)
n,m (r, φ) = mΨ
(CI )
n,m (r, φ), (145)
Lmechz Ψ
(CI)
n,m (r, φ) =
(
m +
1
2
eBr2
)
Ψ
(CI)
n,m (r, φ), (146)
Lz Ψ
(CI)
n,m (r, φ) = mΨ
(CI )
n,m (r, φ). (147)
First, one notices that the result of operation of the canonical OAM operator Lcanz are all
different, depending on the three gauge choices. This is again a manifestation of the gauge-
dependent nature of the canonical OAM. In contrast, reflecting the fact that the mechanical OAM
operator Lmechz and the pseudo OAM operator Lz are both gauge-invariant, the result of operation
of these operators are all the same irrespectively of the gauge choices. Note, however, that the
operations of Lmechz and Lz give different answers.
Table 2: The expectation values of the three types of OAM operators, Lcanz , L
mech
z , and Lz on the states |Ψ(CI )n,m 〉.
AL1 = −B y ex AL2 = B x ex AS = 12 B r eφ
〈Lcanz 〉 m m m
〈Lmechz 〉 2 n + 1 2 n + 1 2 n + 1
〈Lz〉 m m m
To see it more transparently, let us compare in Table 2 the expectation values of the three
OAM operators Lcanz , L
mech
z , and Lz between the eigen-states |Ψ(CI)n,m 〉 with different gauge choices.
One observes that the expectation values of any of the three OAM operators Lcanz , L
mech
z , and Lz
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do not depend on the choices of gauge. In particular, one sees that the expectation values of the
canonical OAM operator and the pseudo OAM operator are both m. This coincidence is natural
in the symmetric gauge. It is because the pseudo OAM operator reduces to the canonical OAM
operator with this gauge choice. A little nontrivial is the observation that the expectation value of
the canonical OAM operator also coincides withm in other two gauges than the symmetric gauge.
This should be contrasted with the fact that the expectation value of the canonical momentum
operators Kcanx = px depends on the gauge choice. This difference is related to the fact that there
are two canonical momentum operators px and py, which cannot be diagonalized simultaneously,
while there is only one canonical OAM operator Lcanz . As a matter of course, this fact alone cannot
explain why the expectation value of Lcanz does not depend on the gauge choice. In the case of the
two Landau gauges, which we have investigated in the present paper, the reason can be relatively
easily understood. It is because the matrix element of the terms containing cos 2 φ in (139) and
(142) between the eigen-functions |Ψ(CI )n,m 〉 vanish after integration over the azimuthal angle φ. A
natural question is what happens with other gauges than the two Landau gauges. We found that
the expectation value of the canonical OAM operator between the eigenstates |Ψ(CI )n,m 〉 is given by
m in arbitrary single-valued (or regular) gauges. An essential ingredient leading to this result is
the periodicity of the wave functions Ψ
(CI )
n,m (r, φ) as well as the gauge field configuration A(r, φ)
with respect to the angle φ with the 2 π period. To our best knowledge, this fact has not been
shown explicitly before. We therefore think it useful to give its proof in Appendix D.
Turning to the expectation value of the mechanical OAM operator, we see that it is given
by 2 n + 1, with n being the familiar Landau quantum number, irrespectively of the gauge
choice. Since this quantum number appears in the expression of the Landau energy levels
En =
(
n + 1
2
)
ω, it clearly corresponds to an observable. This is not the case for the quantum
number m. As is well-known, each Landau level with a fixed quantum number n has infinitely
many degeneracies with different values of m. This means that, at least in the Landau problem,
the quantum number m and therefore the canonical OAM as well as the pseudo OAM are not
such quantities, which have direct connection with observables.
Also very important to recognize is the fact that the simultaneous eigen-states of Lz and
H, which we have discussed above, do not reduce to the standardly-known eigen-states in the
Landau gauge even in the limit of Landau gauge fixing in the above gauge-invariant formulation.
To confirm it, we recall that, in the gauge-invariant formulation, the simultaneous eigen-states of
Lz and H are given as
Ψ
(CI)
n,m (r, φ) = UI e
i m φ Rn,m(r) = e
i mφ e− i e
∫ r
0
Ar(r
′ ,φ) dr′ Rn,m(r), (148)
where Rm,n(r) is given by (131). With the choice of the symmetric gauge, which amounts to
taking Ar = 0, Aφ =
1
2
B r, the above eigen-functions reduce to
Ψ
(CI)
n,m (r, φ) → e i m φ Rn,m(r), (149)
which is nothing but the standard eigen-functions of the Landau Hamiltonian in the symmetric
gauge. On the other hand, in the limit of taking the 2nd type of Landau gauge, which amounts to
taking Ar = r B cosφ sin φ, Aφ = r B cos
2 φ, the eigen-functions reduces to
Ψ
(CI )
n,m (r, φ) → e i m φ e− i
1
2
e B x y Rn,m(r). (150)
Clearly, they do not coincides with the standard eigen-functions of the Landau Hamiltonian in
the Landau gauge. The truth is that, as we have already discussed in sect 1, the r.h.s. of the
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above equation is proportional to a particular superposition of the standard eigen-functions in the
Landau gauge. Namely, the eigen-functionΨ
(CI )
n,m (r, φ) in the gauge-invariant formulation reduces
in the Landau gauge limit to the following functions :
Ψ
(CI)
n,m (r, φ) → e− i
1
2
e B x y
∫
dky Un,m(x0)Ψn,ky(x, y), (151)
where Ψn,ky(x, y) is the standard eigen-functions of the Landau Hamiltonian in the 1st Landau
gauge, while the weight function Un,m(x0) of the superposition is given as the matrix element of
the gauge transformation operator between the standard eigen-states in the Landau gauge and the
standard eigen-functions in the symmetric gauge as shown in sect 1.
3.3. A short summary on the issue of gauge choice in the Landau problem
The delicacy of the gauge choice in the Landau problem should be clear by now. In the
standard treatment, the choice of gauge and that of coordinate system is inseparably connected.
This is so because, if we choose the Landau gauge, the rectangular-coordinate description is
more natural and economical, since the gauge potential in this Hamiltonian depends on either of
coordinate x or y only. On the other hand, if the symmetric gauge is chosen, the gauge potential
has an axial symmetry and it has azimuthal component only. Therefore, the circular coordinate
choice is more convenient to work with.
For getting still deeper insight into the delicacy of the gauge choice in the Landau problem,
more powerful is the gauge-invariant formulation of the same problem. For the Landau problem,
two different types of gauge-invariant formulation are possible. The first is the gauge-invariant
formulation of Konstantinou and Moulopoulos [8],[9] or of Haugset et al. [17]. In this formula-
tion, what plays an important role is the existence of the two pseudo-momentum operator K and
the pseudo OAM operator Lz, which are both gauge-invariant objects. A remarkable fact is that
we can obtain the simultaneous eigen-states of one of these operators and the Landau Hamilto-
nian without fixing gauge. This is assured by the fact that the gauge-invariant operator K as well
as the gauge-invariant operator Lz commute with the Landau Hamiltonian [8],[9],
[K,H] = 0, [Lz,H] = 0. (152)
These operators are not mutually commutable, however,
[Kx,Ky] , 0, [Kx, Lz] , 0, [Ky, Lz] , 0. (153)
The possibilities are therefore to look for simultaneous eigen-states of Kx and H, or Ky and
H, or Lz and H. The first two choices give eigen-functions, which can be expressed in terms
of Hermite polynomials, while the third choice gives eigen-functions, which can be expressed
with associated Laguerre polynomials. As emphasized by Haugset et al. [17], “Which of eigen-
functions one wants to work with is basically not equivalent to the choice of gauge, but rather
which operator one wants to have diagonalized.” An advantage of working in the third type of
eigen-function is that the axial symmetry of the problem is maintained and the meaning of the
angular momentum operators becomes clear. In fact, as we have seen, to give a clear meaning to
these quantities, we had to consider a superposition of the eigen-states if we stick to working in
the first two types of formulations.
Actually, we have solved the Landau problem based on another gauge-invariant formulation,
i.e. DeWitt’s formalism. This formulation has broader utility than the above-mentioned one,
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since the existence of the local and gauge-invariant pseudo momenta and pseudo OAM is not
assumed as a prerequisite of formulation. (As we shall see in later section, this feature is impor-
tant for our discussion of the nucleon spin decomposition problem, because no analogous local
quantities like the ones K and Lz are not known to exist in this case.) Instead, what is essential in
DeWitt’s formalism is the freedom in the choice of path. As we have shown, with the choice of
the path C1 in the rectangular coordinate, for example, the gauge-invariant photon field reduces
to the vector potential in the 1st Landau gauge. In this sense, the choice of the path C1 is inti-
mately connected with the choice of the 1st Landau gauge. Nonetheless, this choice of path is
not totally equivalent to taking the 1st Landau gauge. Within the gauge-invariant formulation of
DeWitt, we still have a freedom to take other gauges like the 2nd Landau gauge and the sym-
metric gauge. A natural question is therefore what is special with the choice of the path C1. The
answer is already clear. It is the realization of translational symmetry with respect to the x-axis.
In fact, as one can see clearly from the fourth column of Table 1, this symmetry manifests itself
in the gauge-choice independence of the expectation value of the pseudo-momentum operator
Kx or the g.i.c. momentum operator in our terminology.
Similarly, if we take the path CI in the cylindrical coordinate, it amounts to respecting the
axial symmetry or the rotational symmetry around the z-axis. Again, it is not equivalent to taking
the symmetric gauge, since we can still choose other gauges like the two Landau gauges. In this
case, the axial symmetry manifests in the gauge-choice independence of the expectation value of
the pseudo OAM operator or the g.i.c. OAM in our terminology, as can be seen from the fourth
column of Table 2. In this way, we arrive at an important conclusion. Choosing a particular path
is equivalent to deciding what symmetry is to be respected in the physics of our interest. We
emphasize that we have proven this fact based on a concrete example, which makes full use of
the analytically-obtained wave functions of the Landau problem within DeWitt’s formalism.
3.4. The choice of path CII and the multi-valued gauge
Before ending this section, for the sake of completeness, we briefly discuss what happens if
we choose another path CII in the cylindrical coordinate for defining the gauge-invariant elec-
tron wave functions. As already pointed out, the gauge-invariant wave functions Ψ˜(CII )(r, φ) cor-
responding to the path CII are related to the wave functions Ψ˜
(CI)(r, φ) by Eq. (120), i.e. as
Ψ˜
(CII)(r, φ) = e
1
2
i e B r2 φ
Ψ˜
(CI )(r, φ). Since Ψ˜(CI)(r, φ) is a periodic function of φ with a period 2 π,
i.e.
Ψ˜
(CI )(r, φ + 2 π) = Ψ˜(CI )(r, φ), (154)
it follows that the wave functions Ψ˜(CII )(r, φ) satisfy the following unusual boundary condition,
Ψ˜
(CII)(r, φ + 2 π) = e iπ e B r
2
Ψ˜
(CII)(r, φ), (155)
which means that they are multi-valued functions with respect to the variable φ. We point out
that this is consistent with the fact that the gauge-invariant photon field corresponding to the path
CII is given by (122), which is just the vector potential in the (multi-valued) Bawin-Burnel (BB)
gauge.
In any case, using the relation (120), the electron wave-functions corresponding to the path
choice CII can be readily obtained as
Ψ
(CII)
n,m (r, φ) = UII Ψ˜
(CII)
n,m (r φ) = UII e
i 1
2
e B r2 φ
Ψ˜
(CI)
n,m (r φ)
= UII e
i 1
2
e B r2 φ e i mφ Rn,m(r)
= e i (m+
1
2
e B r2)φ e− i e
{∫ r
0
Ar(r
′ ,0)dr′ +
∫ φ
0
r Aφ(r,φ
′) dφ′
}
Rn,m(r), (156)
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where Rn,m(r) is given by (131). Again, one may be interested in the result of operation of the
three types of orbital angular momentum operators, i.e. Lcanz , L
mech
z , and Lz on the states |Ψ(CII)n,m 〉.
Using the circular coordinate representation of these OAMs given by
Lcanz = − i
∂
∂φ
, (157)
Lmechz = − i
∂
∂φ
+ e r Aφ, (158)
Lz = − i ∂
∂φ
+ e r Aφ − 1
2
e B r2, (159)
one is led to the following answer :
1) 1st Landau gauge : AL1 = − B y ex
Lcanz Ψ
(CII)
n,m (r, φ) =
(
m +
1
2
e B r2 cos 2φ
)
Ψ
(CII)
n,m (r, φ), (160)
Lmechz Ψ
(CII)
n,m (r, φ) =
(
m +
1
2
e B r2
)
Ψ
(CII)
n,m (r, φ), (161)
Lz Ψ
(CII)
n,m (r, φ) = mΨ
(CII)
n,m (r, φ). (162)
2) 2nd Landau gauge : AL2 = B x ey
Lcanz Ψ
(CII)
n,m (r, φ) =
(
m − 1
2
e B r2 cos 2φ
)
Ψ
(CII)
n,m (r, φ), (163)
Lmechz Ψ
(CII)
n,m (r, φ) =
(
m +
1
2
e B r2
)
Ψ
(CII)
n,m (r, φ), (164)
Lz Ψ
(CII)
n,m (r, φ) = mΨ
(CII)
n,m (r, φ). (165)
3) symmetric gauge : AS =
1
2
B r eφ
Lcanz Ψ
(CII)
n,m (r, φ) = mΨ
(CII)
n,m (r, φ), (166)
Lmechz Ψ
(CII)
n,m (r, φ) =
(
m +
1
2
e B r2
)
Ψ
(CII )
n,m (r, φ), (167)
Lz Ψ
(CII)
n,m (r, φ) = mΨ
(CII)
n,m (r, φ). (168)
4) Bawin-Burnel (BB) gauge : ABB = − B r er
Lcanz Ψ
(CII)
n,m (r, φ) =
(
m +
1
2
e B r2
)
Ψ
(CII )
n,m (r, φ), (169)
Lmechz Ψ
(CII)
n,m (r, φ) =
(
m +
1
2
e B r2
)
Ψ
(CII )
n,m (r, φ), (170)
Lz Ψ
(CII)
n,m (r, φ) = mΨ
(CII)
n,m (r, φ). (171)
One confirms that the results of operation of Lmechz and Lz do not depend on the gauge-field
configuration, i.e. they are the same for all of the choices AL1 , AL2 , AS , and ABB. However, this
is not the case for the canonical OAM operator Lcanz , which is a gauge-variant operator.
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Table 3: The expectation values of the three types of OAM operators, Lcanz , L
mech
z , and Lz on the states |Ψ(CII )n,m 〉.
AL1 = −B y ex AL2 = B x ex AS = 12 B r eφ ABB = − B r φ er
〈Lcanz 〉 m m m 2 n + 1
〈Lmechz 〉 2 n + 1 2 n + 1 2 n + 1 2 n + 1
〈Lz〉 m m m m
Also interesting to see is the expectation values of the three OAM operators between the
eigenstates |Ψ(CII)n,m 〉. They are shown in Table 3. One finds that the expectation values of Lmechz are
all 2 n+ 1 irrespectively of the choices of the gauge potential. On the other hand, the expectation
values of Lz are all m, independently of the choices of gauge potential. However, the expectation
values of Lcanz is 2 n+ 1 in the BB gauge, whereas they are m in other three gauges. Thus, for the
canonical OAM operator, we find that even the expectation values are generally dependent on the
gauge choice. Also very interesting is the fact that the expectation values of Lcanz and that of Lz
do not coincide in the BB gauge. The gauge-choice independence of the pseudo-OAM operator
Lz can be interpreted as showing its unique theoretical nature as the generator of rotation around
the z-axis [8],[9].
4. On the concept of gauge-invariant canonical orbital angular momentum
We have reconfirmed that the pseudo momentum K and the pseudo OAM Lz defined by
K ≡ Π + e r × B, (172)
Lz ≡ (r ×Π)z − 1
2
e B r2, (173)
play important roles in the gauge-invariant formulation of the Landau problem [8],[9]. A re-
markable features of these quantities are that they are apparently gauge-invariant and besides
they reduce to the canonical momentum and canonical OAM in suitable gauges. This reminds us
of the concept of gauge-invariant canonical (g.i.c.) momentum and the gauge-invariant canoni-
cal (g.i.c.) OAM, which were advocated by Chen et al., and intensively discussed in the context
of the nucleon spin decomposition problem as well as the photon spin decomposition problem
[11],[12]. Their basic idea starts with decomposing the gauge field into what-they-call the “phys-
ical” component and the “pure-gauge” component as
A = Aphys + Apure. (174)
If one restricts to the case of quantum electrodynamics, which is an abelian gauge theory, their
proposal reduces to the decomposition of the total photon field (or the vector potential) into the
following two components,
A = A⊥ + A‖, (175)
where A⊥ and A‖ are respectively the familiar transverse and longitudinal components of the
photon field, satisfying the conditions ∇ · A⊥ = 0 and ∇ × A‖ = 0. Once the Lorentz frame is
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fixed, this transverse-longitudinal decomposition is known to be unique owing to the Helmholtz
theorem, provided that the vector potential A damps fast enough at the spatial infinity. Also
noteworthy is the gauge transformation property of the two components A⊥ and A‖. Under
general gauge transformations A → A + ∇χ, it can be shown that they transform as A⊥ → A⊥
and A‖ → A‖ + ∇χ. That is, the transverse component is gauge-invariant, while the longitudinal
component carries the residual gauge degrees of freedom. From this fact, it immediately follows
that the operators defined by
pg.i.c. ≡ p + e A‖, (176)
L
g.i.c.
z ≡ [r × (p+ e A‖)]z, (177)
transform just in the same way as
pmech = p + e A, (178)
Lmechz = [r × (p + e A)]z, (179)
which in turn means that pg.i.c. as well as L
g.i.c.
z are both gauge-invariant. Besides, if the gauge
degrees of freedom are eliminated, which allows to set A‖ = 0, they clearly reduce to the ordinary
canonical momentum and canonical OAM operators. For this reason, these quantities are often
called the gauge-invariant canonical (g.i.c.) momentum and the gauge-invariant canonical (g.i.c.)
OAM in the literatures [1],[3].
As can be easily verified, the gauge potential AS in the symmetric gauge satisfies the trans-
verse condition ∇ · AS = 0. (Since this condition is just the same as the Coulomb gauge condi-
tion, the symmetric gauge is sometimes called the Coulomb gauge in some paper [23].) Then,
one might be tempted to identity the gauge potential in the symmetric gauge with the transverse
component of the vector potential. With this identification, we have
(r × A⊥)z = (r × AS )z = 1
2
B r2. (180)
As a consequence, the pseudo OAM operator Lz reduces to
Lz = (r × p)z + e (r × A⊥)z + e (r × A‖)z − 1
2
e B r2
=
[
r × (p + e A‖)]z =
(
r × Dpure
)
z
= L
g.i.c
z , (181)
with Dpure ≡ p + e A‖ being the so-called pure-gauge covariant derivative. This last quantity is
nothing but the gauge-invariant canonical OAM of Chen et al.
Unfortunately, the condition of the Helmholtz theorem is not satisfied in the Landau prob-
lem, since the magnetic field spreads over the whole plane. As a consequence, the transverse-
longitudinal decomposition cannot be carried out uniquely and the above identification is also
not unique. In fact, one can easily verify that the vector potentials AL1 , AL2 , and AS in the
1st and 2nd Landau gauges and the symmetric gauge, all satisfy the transverse condition, i.e.
∇ · AL1 = ∇ · AL2 = ∇ · AS = 0. Still, as we have discussed in sect 1, if one wants to analyze the
orbital angular momentum of the electron, the symmetric gauge appears to be the most natural
and convenient choice. (As a matter of course, we expect that the genuine physical observables
like the Landau levels are independent of the choice of gauges.) This is obviously related to
the fact that, even though the uniform magnetic field in the Landau problem does not have any
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preferred symmetry axis, the motion of the electron in this magnetic field is a circular motion
around some center, which means that there is an apparent cylindrical symmetry in physics.
What if there is an axial symmetry in the magnetic field distribution from the outset, then
? In such a situation, the choice of symmetric gauge seems almost mandatory, or at least most
convenient. As an example, let us consider an infinitely long solenoid along the z-direction with
R being the radius of the cross section of it. In this setting, there is a uniform magnetic field only
inside the solenoid, while there is no magnetic field outside it, such that
B(x) = B0 θ(R − r) ez. (182)
Li et al. argued that the transverse component A⊥ of the vector potential for this magnetic
field can uniquely be determined by the Helmholtz theorem [24]. According to the Helmholtz
theorem, A⊥ can formally be expressed as
A⊥(x) = ∇ ×
1
4 π
∫
d3x′
∇′ × A(x′)
|x − x′|
= ∇ × 1
4 π
∫
d3x′
B(x′)
|x − x′| = ∇ ×
B0
4 π
ez
∫
|x′ |≤R
d3x′
|x − x′| . (183)
Actually, for an infinitely long solenoid, the above integral is logarithmically divergent. To
regulate the integral, Li et al. first consider a solenoid with large but finite length L [24]. For this
solenoid, they showed that
∫
|x′ |<R
d3x′
|x − x′| = πR
2 ln 4 L2 + πR2 lnR2 − πR2 + π r2 + O
(
1
L2
)
, (184)
for r < R, and ∫
|x′ |<R
d3x′
|x − x′| = πR
2 ln 4 L2 + πR2 ln r2 + O
(
1
L2
)
, (185)
for r > R. Inserting these expressions into (183), and then taking the L→ ∞ limit, they obtain
A⊥(x) =
{
1
2
B r eφ (r ≤ R),
1
2
BR2
r
eφ (r > R),
(186)
which confirms that the Helmholtz theorem uniquely fix the transverse component of the vector
potential. Very interestingly, if one further takes the limit R → ∞, which amounts to considering
a uniform magnetic field spread over the whole x-y plane, one obtains
A⊥(x) → 1
2
B r eφ. (187)
This is nothing but the gauge potential of the symmetric gauge in the Landau problem.
Our analysis shows that the canonical OAM is an important quantity that characterizes the
quantum mechanical eigen-states of a Hamiltonian with cylindrical symmetry. Nevertheless, it
does not correspond to any observable at least in the Landau problem. However, we refrain from
concluding that the canonical OAM can never be observed. One of the reasons is that we are
aware of the recent research progress, which suggests possible observability of the canonical
OAM [25],[26]. The point is to consider the motion of electron along the direction of the uni-
form magnetic field, which was neglected in most analyses of the Landau problem in the past.
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From the technical viewpoint, the idea is motivated by the development of the new experimental
technique, i.e. the generation of the so-called electron vortex beam by utilizing the transmission
electron microscopes (TEM). They proposed to use this electron vortex beam running along the
direction of the magnetic field, which is supposed to be practically uniform as compared with the
size of the electron vortex beam. According to them, this setting enables real-space elucidation of
individual Landau level, which is characterized by two quantum numbers, i.e. the Landau quan-
tum number n and the eigen-value m of the canonical OAM operator. In fact, they showed that,
while propagating along the direction of the magnetic field, the Landau electrons receive char-
acteristic rotation with three different angular velocities, depending on the eigen-value m of the
canonical OAM. This rotation during the propagation along the z-direction can be measured ex-
perimentally by using statistical averaging over many identical single-particle events. This then
enables to get direct relation between the canonical OAM and an observable. It is a remarkable
findings, in the sense that it sheds light on the so-far hidden m-dependent rotational dynamics
of the quantum Landau states for the first time. However, it also appears to bring about a new
question on the interpretation of the widely-accepted fundamental principle of physics, i.e. the
gauge principle. In fact, according to the gauge principle, observables must be gauge-invariant,
but the canonical OAM is not a gauge-invariant quantity.
5. Remarks on the issue of gauge choice in the nucleon spin decomposition problem
In the discussion of the gauge-invariant formulation of the Landau problem, we have pointed
out that there are in principle infinitely many choices of path for defining the gauge-invariant
electron and photon fields and besides that there is an intimate connection between the choice of
path and the choice of gauge. Once, Belinfante showed that, by averaging over path-dependent
potential over the direction of all straight line paths at constant time converging to the point
where the gauge potential is to be calculated, one is led to the gauge potential in the Coulomb
gauge [27]. On the other hand, Rohrlich and Strocchi applied a similar averaging procedure
over a covariant path, thereby obtaining the gauge potential in the Lorentz gauge [28]. Since
the Coulomb gauge is one of the most important gauges, which falls into the class of the so-
called physical gauges, we briefly introduce Belinfante’s argument [27]. (The physical gauge
is a particular class of gauges, which maintains only two physical degrees of freedom of the
massless vector field. The greatest advantage of the physical gauge is that they do not need to
introduce the Hilbert space with indefinite metric, which is unavoidable in the quantization with
the covariant gauge choice like the Feynman gauge or the Landau gauge.)
Belinfante’s argument starts with the general expression of the gauge-invariant photon field
given as
A˜µ(x) =
∫ 0
−∞
Fνσ(z)
∂zν
∂xµ
∂zσ
∂ξ
dξ, (188)
where zν(x, ξ) represents a point on the line toward x, with ξ being a parameter chosen to satisfy
the following boundary condition :
zν(x, 0) = xν and zν(x,−∞) = spatial infinity. (189)
Belinfante first chose particularly simple paths at a fixed Lorentz frame. They are straight line
paths at constant time, converging toward the field points x in arbitrary direction specified by
unit vector ǫ :
zν(x, ξ) = xν + ǫν ξ, (190)
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where one can set without loss of generality as
ǫ0 = 0, ǫ2 = 1, ξ = − r ≡ |z − x|. (191)
With this choice of path, Eq.(188) reduces to
A˜µ(x) =
∫ 0
−∞
Fiµ(z) ǫ
i dξ. (192)
This potential A˜µ is by construction gauge-invariant but it depends on the direction of the unit
vector ǫ. To remove this directional dependence, Belinfante propose to average Eq.(192) over all
possible direction of ǫ as
A¯µ(x) ≡
∫
A˜µ(x)
dΩ
4 π
, (193)
where dΩ is the infinitesimal solid angle in the direction of ǫ. By using the identities
d3z = r2 dr dΩ, (194)
and
|dξ| = |dr| = d
3z
r2
dΩ, (195)
it can be shown that A¯µ(x) reduces to the following form :
A¯µ(x) =
∫
d3z Fiµ(z)
∂
∂zi
(
1
4 π r
)
= −
∫
d3z
[
∇i Fiµ(z)
] ( 1
4 π r
)
. (196)
If expressed with components, this reads as
A¯0(x) =
∫
d3z
∇ · E(z, t)
4 π r
, A¯(x) =
∫
d3z
∇ × B(z, t)
4 πr
. (197)
One therefore finds that the resultant potential A¯µ(x) just coincides with the vector potential in the
Coulomb gauge. Thus, by averaging over the direction of straight-line paths, one could remove
the line-dependence from the original DeWitt gauge potential. Besides, since it is expressed with
the electric and magnetic fields only, it is obviously gauge-invariant. This observation lets us
reconfirm the one and only nature of the Coulomb gauge among plural gauge choices. However,
an attention must be paid to the the following facts. First, for that the above statement is mean-
ingful, the integrals in Eq.(197) must converge. The condition of convergence is just the same
as the condition of the Helmholtz theorem to hold. Second, the above path averaging is carried
out over the direction of the straight lines at the constant time in a fixed Lorentz frame. This
restriction is nothing serious as far as we are dealing with the electrodynamics of non-relativistic
charged particles in a prescribed laboratory frame. This is the reason why the Coulomb gauge
is the most convenient choice for such problems. As discussed in [29], however, the situation
changes drastically for fully relativistic problems like the nucleon spin decomposition problem.
In the nucleon spin decomposition problem, two new features enter into the game. First, the
nucleon is a strongly-coupled bound state of quarks and gluons described by a nonabelian gauge
theory called the quantum chromodynamics. Second, the only way to empirically verify the
proposed nucleon spin decomposition is to use deep-inelastic-scattering (DIS) measurements, in
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which the relativity plays crucial roles. As to the first point, it is known that the idea of gauge-
invariant (but path-dependent) electron and photon field can be extended to the nonabelian gauge
theory with a slight modification [30],[31]. (The application of the gauge-invariant formula-
tion of the nonabelian gauge theory to the nucleon spin decomposition problem was discussed in
[32],[33],[34].) More important here is the second point, i.e. the proper treatment of the relativis-
tic kinematics [29]. Within the relativistic framework, the path for defining the gauge-invariant
gluon and quark fields can generally be chosen in 4-dimensional space-time manifold. Here,
instead of discussing the general path choices in the gauge-invariant formulation of nonabelian
gauge theory, we confine to several simple but important choices of path in the Minkowski space,
which is widely believed to be equivalent to working in the so-called physical gauges.
The most popular physical gauges are the temporal gauge (A0 = 0), the light-cone gauge
(A+ = 0 with A+ ≡ (A0 + A3) /
√
2), the spatial axial gauge (A3 = 0), and the Coulomb gauge
(∇ · A = 0). We first recall the fact that selecting the physical component of the gauge field is
intimately connected with choosing a particular gauge. In the general axial gauges, the physical
component (or the gauge-covariant part) of the gluon field is known to be expressed as
A
µ
phys
(x) = nν
∫ ∞
−∞
dλ (∓ θ(± λ)) L[x ; x + n λ] Fµν(x + n λ)L[x + n λ ; x]. (198)
Here, Fµν is the field strength tensor of the gluon field, while
L[ y ; x] = P exp
(
i g
∫ y
x
dzµ A
µ(z)
)
, (199)
is a gauge-link (also called the Wilson line) connecting the two space-time points x and y with a
straight line, P is the path-ordering operator, whereas nµ is a constant four-vector characterizing
the direction of the path. The dependence on the direction of nµ is generally believed to reflect
the gauge-dependence of the idea of the physical component of the gauge field. The familiar
three physical gauges correspond to the following choice of nµ :
nµ =

(1, 0, 0, 0) ⇔ temporal gauge,
1√
2
(1, 0, 0,−1) ⇔ light-cone gauge,
(0, 0, 0, 1) ⇔ spatial axial gauge.
(200)
In fact, with these choices of nµ, the physical component of the gluon field defined by (198)
satisfies the constraint,
nµ A
µ
phys
= 0, (201)
which is nothing but the gauge-fixing conditions of the general axial gauges. Since there is no
particular spatial direction in the Coulomb gauge-fixing condition, the corresponding physical
component may be obtained by averaging over path-dependent potential over the direction of all
straight line paths at constant time, as in the abelian case.
Confining here to the three straight-line paths corresponding to the general axial gauges, it
can be readily verified that any choice of nµ gives the physical component of the gluon field,
which transforms gauge-covariantly, i.e. as
A
µ
phys
(x) → U(x) Aµ
phys
(x)U−1(x), (202)
under an arbitrary gauge transformationsU(x) = e iωa(x)Ta . This enables us to write down gauge-
invariant expression of the gluon spin as well as that of the g.i.c. OAM of quarks in the nucleon
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[35],[36]. (More precisely, the gluon spin should be called the gluon helicity or the longitudinal
component of the gluon spin with respect to the direction of the nucleon momentum.) They are
given as
∆G =
1
2 p+
〈p, s | 2 Tr
[
ǫ
jk
⊥ F
j+(0) Akphys(0)
]
| p, s〉, (203)
and
L
g.i.c.
z =
N ′
2 p+
〈p, s |
∫
d2r⊥ ψ¯(0, r⊥) γ+
1
i
(
r⊥ × Dpure
)
z
ψ(0, r⊥) | p, s〉, (204)
where N ′ = 1 /
(∫
d2r⊥
)
, ǫ
jk
⊥ ( j, k = 1, 2) is the antisymmetric tensor in two spatial dimension,
and | p, s〉 is the nucleon state with momentum p and spin s. The pure-gauge covariant derivative
is defined by Dpure ≡ ∇ − i g Apure with Apure ≡ A − Aphys. Although the above quantities are
formally gauge-invariant, they are path-dependent, just because they contains the quantity Aphys,
whose definition is path-dependent and non-local. It should be contrasted with the expression of
the mechanical OAM of quarks given as
L
g.i.c.
z =
N
2 p+
〈p, s |
∫
d3r ψ¯(r) γ+
1
i
(r × D)z ψ(r) | p, s〉, (205)
where N = 1 /
(∫
d3r
)
, while D = ∇ − i g A is the standard covariant derivative. Since the
standard covariant derivative contains the full gauge field, the definition of the mechanical OAM
is gauge-invariant as well as path-independent. Also interesting to remember is the relation
between the g.i.c. OAM and the mechanical OAM. Using the definition Apure = A − Aphys, one
can readily verify the following relation
L
g.i.c.
z = L
mech
z + L
pot
z , (206)
where
L
pot
z =
N ′
2 p+
〈p, s |
∫
d2r⊥ ψ¯(0, r⊥) γ+ g
(
r⊥ × Aphy
)
z
ψ(0, r⊥) | p, s〉, (207)
is nothing but the potential angular momentum in the terminology of the papers [4],[5]. One can
then say that the path-dependence of the g.i.c. OAM originates from that of the potential angu-
lar momentum, which explicitly contains the path-dependent (or direction-dependent) quantity
Aphys.
In any case, it would be true that the definition of the gluon spin as well as that of the g.i.c.
OAM are (at least formally) gauge-invariant irrespectively of the choice of nµ. This means that,
from the viewpoint of gauge symmetry alone, these three choices of nµ is totally on an equal
footing, and anyone is neither superior nor inferior to the others. However, an important les-
son leaned from our analysis of the Landau problem is a clear understanding about the meaning
and the consequence of the path choice. Namely, within the gauge-invariant but path-dependent
formulation of gauge theory a la DeWitt, what results from a particular choice of path is a par-
ticular symmetry of the quantum system or its wave function. We emphasize that this symmetry
has nothing to do with the gauge symmetry. In fact, remember that, in the Landau problem,
the choice of the path C1 in the rectangular coordinate amounts to respecting the translational
symmetry with respect to the x-axis. On the other hand, if we take the path CI in the cylindrical
coordinate, it amounts to respecting the axial symmetry or the rotational symmetry around the
z-axis.
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The understanding above obtained from the Landau problem gives a deep insight into our
discussion of the nucleon spin decomposition problem. The question here is what symmetry is
respected by a particular choice of the path in the 4-dimensional Minkowski space. Undoubt-
edly, if we choose the straight-line path along the z-direction, what is respected is the rotational
symmetry around the z-axis. On the other hand, if we choose the straight-line path along the
light-cone direction, an additional symmetry is respected besides the above two-dimensional
rotation symmetry. It is the Lorentz boost-invariance with respect to the z-axis, which is the
momentum direction of the parent nucleon. (For the detail, see [29].) What symmetry is re-
spected if we choose the straight-line path along the time direction, then ? Since there is no
particular spatial direction for this choice, this choice of path respects the full rotational sym-
metry in the 3-dimensional space. (This is also expected from the known intimate connection
between the temporal gauge and the Coulomb gauge. Remember that, within the framework of
the gauge-invariant formulation of DeWitt, the Coulomb gauge is obtained by averaging over the
directions of straight-line paths in constant-time plane, so that there is no particular direction in
three-dimensional space.)
Why is the boost-invariance along the z-direction so important ? The reason is because the
DIS measurement is the only way to experimentally verify the proposed nucleon spin decom-
position, and that the DIS amplitude has a light-cone dominance [29]. In the inclusive or semi-
inclusive DIS processes, the ejected parton (a quark or a gluon) after being struck by high-energy
virtual photon travels along the light cone with the speed of light. The light-like gauge link with
the choice nµ = 1√
2
(1, 0, 0,− 1), which is also contained in the definition of Aµ
phys
, is known to
simulate the interaction between the ejected parton and the residual target in the DIS processes.
Very importantly, the gluon spin (or the g.i.c OAM of quarks) defined by the physical component
of the gluon with the light-like gauge link has an important property, which must be satisfied by
any PDFs [37]. That is the Lorentz-boost invariance along the direction of the parent nucleon.
Putting it in another way, the physics favors the path in the light-cone direction in our nucleon
spin decomposition problem [35].
As a last comment, since there is a definite physical meaning in the choice of path or the
direction for defining the physical component of the gluon field, not only the mechanical OAM
but also the canonical OAM are thought to have some definite physical meaning [29],[38]. What
these two OAMs really mean in the nucleon spin decomposition problem was already discussed
in a recent paper [15]. It was shown there that what represents the OAM of quarks inside the
nucleon is the mechanical OAM not the canonical OAM. The latter represents the OAM of a
quark in the asymptotic distance (well outside the nucleon) after leaving the target nucleon in
the semi-inclusive DIS scattering processes. In this sense, it would be legitimate to say that the
canonical type decomposition of the nucleon spin, also called the Jaffe-Manohar decomposition
of the nucleon spin [39],[40], is not such a decomposition that genuinely represents the intrinsic
(or static) property of the nucleon .
6. Summary and concluding remarks
The delicacy of the gauge choice in the Landau problem partially stems from a singular nature
of the magnetic field, which uniformly spread over the whole plane. In fact, if the magnetic field
is confined in a finite domain, the vector potential, or more precisely its transverse component,
is essentially uniquely fixed by the Helmholtz theorem. As was explicitly shown in the case
of infinitely long solenoid with finite cross-sectional area, what emerges here is just the gauge
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potential of symmetric gauge or the Coulomb gauge. (To be more precise, in the two dimensional
problem, there still remains a freedom to choose the Bawin-Burnel type gauge, although it is a
singular and multi-valued gauge.) The uniform magnetic field in the Landau problem allows
entirely different gauge from the symmetric gauge, namely, the two types of Landau gauge. The
choice of the Landau gauges favors the rectangular coordinate treatment of the problem, while
the choice of the symmetric gauge does the cylindrical coordinate treatment, so that they lead to
the eigen-functionswith totally different appearances. It turns out that, because of the degeneracy
of the Landau levels in both gauges, the eigen-functions in both gauges are not connected by a
simple gauge transformation. Rather, what are related to the eigen-functions in the symmetric
gauge by the gauge transformation is a particular linear combination of the eigen-functions in the
Landau gauge. We showed that the weight function of this linear combination is nothing but the
matrix element of the (unitary) gauge transformation operator sandwiched with the eigen-states
of the Landau gauge and those of the symmetric gauge. We also derived the explicit form of this
weight function.
In addition to the above-mentioned standard formulation of the Landau problem, we have
also investigated the same problem on the basis of the gauge-invariant but path-dependent for-
mulation of the quantum electrodynamics a la DeWitt. A great advantage of this gauge-invariant
formulation is that, with the help of the path-dependent (non-local) phase factor, we can solve the
Schro¨dinger equation without specifying explicit form of the gauge potential. With the choice
of the two polygonal line paths in the rectangular coordinate, we are led to the eigen-functions
expressed by the Hermite polynomials except for a nonlocal phase factor. It was shown that these
choices of path have a close connection with the two types of Landau gauge. On the other hand,
with the choice of straight-line path in the cylinder coordinate, we are led to the eigen-functions
expressed by the associated Laguerre polynomial, again except for nonlocal phase factors. This
choice of path then has an intimate connection with symmetric gauge choice. Still, a highly
nontrivial fact is that these latter eigen-functions are given for arbitrary form of the vector poten-
tial, which especially allows us to take the vector potential in either of the two Landau gauges.
In this Landau gauge limit, however, the above eigen-functions do not reduce to the standard
eigen-functions in the Landau gauge. Rather, they reduce to a particular linear combination
of the eigen-functions in the Landau gauge, which is the same object already obtained in our
discussion of the standard (gauge-fixed) formulation of the Landau problem.
Through the study of DeWitt’s gauge-invariant formulation of the Landau problem, we real-
ize that the choice of path has an intimate connection with the choice of gauge. For instance, the
choice of a polygonal line path C1 in the rectangular coordinate system is shown to have insep-
arable connection with the choice of the 1st Landau gauge, whereas the choice of the path CI in
the cylindrical coordinate has a close connection with the choice of symmetric gauge. Nonethe-
less, highly nontrivial fact is that the choice of path is not absolutely equivalent to the choice of
gauge, because we still have freedom to take any gauges for each choice of path. A question is
therefore what is meant by the path choice in the gauge-invariant but path-dependent formulation
of DeWitt. We conclude that the choice of path in DeWitt’s formalism is equivalent to selecting
a particular symmetry in our quantum mechanical problem. As we have shown, the choice of
the polygonal line path C1 amounts to respecting the translational symmetry with respect to the
x-axis. Once the gauge-invariant wave functions are constructed so as to satisfy this symmetry,
the expectation value of the g.i.c. momentum operator Kx is shown to be independent of the
three choices of gauges, i.e. the two Landaus and the symmetric gauge at variance with that of
the ordinary canonical momentum operator px. Nevertheless, this gauge-independent nature of
the g.i.c. momentum should be taken with care. In fact, we compare the expectation value of the
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g.i.c. momentum and that of the mechanical momentum, thereby confirming the physical nature
of the latter as compared with the former. On the other hand, if we choose the path CI in the
cylindrical coordinate, it amounts to respecting the rotational symmetry around the z-axis. Once
the gauge-invariant wave functions are constructed so as to meet this symmetry, we find that the
expectation value the g.i.c. OAM and that of the standard canonical OAM are both independent
of the three choices of gauge and they just coincide. This is thought to be a consequence of
the rotational symmetry around the z-axis. However, the expectation value of these two types
of canonical OAM is different from that of the mechanical OAM. The physical nature of the
mechanical OAM (as compared with the others) is thought to manifest in its relation with the
observable Landau energies.
We have also discussed the issue of gauge choice in the nucleon spin decomposition problem
from the general viewpoint of the gauge-invariant but path-dependent formulation of nonabelian
gauge theory. As we have argued, for relativistic problems like the nucleon spin decomposition
problem, the path for defining the physical component of the gauge field can be chosen arbitrarily
in the 4-dimensional Minkowski space. Among several simple choices of paths, i.e. the straight
line in the time direction, the light-cone direction, and the z-direction, only the light-cone path
choice can satisfy the required symmetries of the physics in question, i.e. the rotational symmetry
around the z-axis as well as the Lorentz-boost invariance along the same direction. Accordingly,
only the gluon spin operator (or g.i.c OAM of quarks) defined by the physical component of the
gluon with the light-like gauge link can satisfy the Lorentz-boost invariance along the momentum
direction of the parent nucleon, which must be respected by any parton distribution functions. In
other words, what selects the proper definition of the physical component of the gluon field in
the nucleon spin decomposition problem is the Lorentz symmetry rather than the gauge symmetry
[29]. We recall that the importance of Lorentz symmetry in the proper definition of the physical
component of the gluon field was already stressed by Tiwari at the early stage of debate [41].
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Appendix A. Calculation of gauge transformation matrix
In this appendix, we evaluate the matrix element of the gauge transformation operator be-
tween the eigenstates in the Landau gauge and those in the symmetric gauge. Here, we consider
the m ≥ 0 case, since the m < 0 case can be handled similarly,
〈Ψ(L)
n′ ,ky
| e− i 12 e B x y |Ψ(S )n,m〉 =
∫
dx dy
1√
2 π
e− i ky y Nn′ Hn′
(
x − x0
lB
)
e
− (x−x0 )
2
2 l2
B
× e− i 12 e B x y 1√
2 π
Nn,m e
i m φ
 r2
2 l2
B

m/2
e
− r2
4 l2
B Lmn−m
 r2
2 l2
B
 . (A.1)
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Using the notation z = x + i y = r e i φ and z¯ = x − i y, we rewrite it as
〈Ψ(L)
n′ ,ky
| e− i 12 e B x y |Ψ(S )n,m〉 =
1
2 π
∫
dx dy e− i ky y Nn′ Hn′
(
x − x0
lB
)
e
− (x−x0 )
2
2 l2
B
× e− i 12 e B x y × Nn,m 2m/2
(
z
2 lB
)m
e
− z¯ z
4 l2
B Lmn−m
 z¯ z
2 l2
B
 . (A.2)
Now, with use of the mathematical identity
∫ ∞
−∞
du e− u
2
Hp(u + v)Hq(u + w) =
√
π 2q p!wq−p Lq−pp (− 2 v w) (for p ≤ q), (A.3)
we can write as
(
z
2 lB
)m
Lmn−m
 z¯ z
2 l2
B
 = (−1)m√
π 2n (n − m)!
∫ ∞
−∞
du e−u
2
Hn−m
(
u +
z¯
2 lB
)
Hn
(
u − z
2 lB
)
. (A.4)
Thus we find that
〈Ψ(L)
n′ ,ky
| e− i 12 e B x y |Ψ(S )n,m〉 =
1
2 π
∫
dx dy e− i ky y Nn′ Hn′
(
x − x0
lB
)
e
− (x−x0 )
2
2 l2
B
× e− i 12 e B x y × Nn,m 2m/2
(−1)m√
π 2n (n − m)! e
− z¯ z
4 l2
B
×
∫ ∞
−∞
du e−u
2
Hn−m
(
u +
z¯
2 lB
)
Hn
(
u − z
2 lB
)
. (A.5)
To proceed, first we note that
e− i ky y e− i
1
2
e B x y
= e
− i 1
2 l2
B
(x−2 x0) y
. (A.6)
Next, we introduce a variable transformation from u to w = u − i y / (2 lB), which gives
u +
z¯
2 lB
= u − i y
2 lB
+
x
2 lB
= w +
x
2 lB
, (A.7)
u − z
2 lB
= u − i y
2 lB
− x
2 lB
= w − x
2 lB
. (A.8)
Now, using the manipulations
e− u
2
= e
−
(
w+
i y
2 lB
)2
= e−w
2
e
− i w y
lB e
y2
4 l2
B , (A.9)
e
− (x−x0 )
2
2 l2
B e
− z¯ z
4 l2
B e− u
2
= e
− (x−x0 )
2
2 l2
B e
− x2
4 l2
B e−w
2
e
− i w y
lB , (A.10)
as well as
e
− i 1
2 l2
B
(x−2 x0) y
e
− i w y
lB = e
− i 1
lB
(
w+
x−2 x0
2 lB
)
y
, (A.11)
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we obtain
〈Ψ(L)
n′ ,ky
| e− 12 i e B x y |Ψ(S )n,m〉 =
1
2 π
Nn′ Nn,m
(−1)m 2m/2√
π 2n (n − m)!
∫
dx dy
∫
dwHn′
(
x − x0
lB
)
× e− i
1
lB
(
w+
x−2 x0
2 lB
)
y
e
− (x−x0 )
2
2 l2
B e
− x2
4 l2
B e−w
2
× Hn−m
(
u +
z¯
2 lB
)
Hn
(
u − z
2 lB
)
. (A.12)
The integration over the variable w can readily be done as
∫ ∞
−∞
dy e
− i 1
lB
(
w+
x−2 x0
2 lB
)
y
= 2 π lB δ
(
w +
x − 2 x0
2 lB
)
, (A.13)
which makes the integration over w trivial, thereby leading to the result :
〈Ψ(L)
n′ ,ky
| e− 12 i e B x y |Ψ(S )n,m〉 =
1
2 π
Nn′ Nn,m lB
(−1)m 2m/2√
π 2n (n − m)!
∫
dx Hn′
(
x − x0
lB
)
× e−
(x−x0 )2
2 l2
B e
− x2
4 l2
B e
− (x−2 x0 )
2
4 l2
B Hn−m
(
x0
lB
)
Hn
(
− x − x0
lB
)
. (A.14)
Using the relation
e
− (x−x0 )
2
2 l2
B e
− x2
4 l2
B e
− (x−2 x0 )
2
4 l2
B = e
− (x−x0 )
2
l2
B e
− x
2
0
2 l2
B , (A.15)
and the identity Hn(− x) = (− 1)n Hn(x) of the Hermite polynomial, we therefore get
〈Ψ(L)
n′ ,ky
| e− i 12 e B x y |Ψ(S )n,m〉 =
1
2 π
Nn′ Nn,m lB
(−1)n+m 2m/2√
π 2n (n − m)! Hn−m
(
x0
lB
)
e
− x
2
0
2 l2
B
×
∫
dx e
− (x−x0 )
2
l2
B Hn′
(
x − x0
lB
)
Hn
(
x − x0
lB
)
. (A.16)
Now, by using the familiar ortho-normalization relation of the Hermite polynomial as well as the
definitions of the normalization constants Nn and Nn,m, we arrive at the desired relation,
〈Ψ(L)
n′ ,ky
| e− i 12 e B x y |Ψ(S )n,m〉 = δn′,nUn,m(x0), (A.17)
where
Un,m(x0) = Cn,m Hn−m
(
x0
lB
)
e
− x
2
0
2 l2
B , (A.18)
with
Cn,m = lB
(
1√
π 2n−m (n − m)! lB
)1/2
. (A.19)
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Appendix B. Evaluation of the weighted integral
Here we show the calculation of the weighted integral I in Eq.(42),
I =
∫
dkyUn,m(x0)Ψ
(L)
n,ky
(x, y). (B.1)
We again assume m ≥ 0, since the m < 0 case can be treated entirely in the same way. Inserting
the expressions of Um,n(x0) and Ψ
(L)
n,ky
(x, y) into the above equation, and using the relation x0 =
− l2
B
ky, we have
I = 1
l2
B
Cn,m
∫
dx0 Hn−m
(
x0
lB
)
e
− x
2
0
2 l2
B
1√
2 π
Nn e
i ky y Hn
(
x − x0
lB
)
e
− (x−x0 )
2
2 l2
B . (B.2)
Using the equality
e
− x
2
0
2 l2
B e i ky y e
− (x−x0 )
2
2 l2
B = e
− 1
l2
B
(x0− z¯2 )
2
e
− 1
4 l2
B
z¯ z
e− i
1
2
e B x y, (B.3)
we thus obtain
I = 1
l2
B
Cn,m
1√
2 π
Nn e
− 1
4 l2
B
z¯ z
e− i
1
2
e B x y
×
∫
dx0 e
− 1
l2
B
(x0− z¯2 )
2
Hn−m
(
x0
lB
)
Hn
(
x − x0
lB
)
. (B.4)
After the variable transformation from x0 to u with
x0 − z¯
2
= lB u, (B.5)
the above expression can be transformed into the form,
I = 1
lB
(− 1)nCn,m 1√
2 π
Nn e
− 1
4 l2
B
z¯ z
e− i
1
2
e B x y
×
∫
du e− u
2
Hn−m
(
u +
z¯
2 lB
)
Hn
(
u − z
2 lB
)
. (B.6)
Using the identity (A.3), we therefore get
∫
du e−u
2
Hn−m
(
u +
z¯
2 lB
)
Hn
(
u − z
2 lB
)
= (− 1)m 2n √π (n − m)!
(
z
2 lB
)m
Lmn−m
 z¯ z
2 l2
B
 . (B.7)
This gives
I = 1
lB
(− 1)nCn,m 1√
2 π
Nn e
− 1
4 l2
B
z¯ z
e− i
1
2
e B x y
× (− 1)m 2n √π (n − m)!
(
z
2 lB
)m
Lmn−m
 z¯ z
2 l2
B
 . (B.8)
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Finally, with use of the definitions of the coefficients Cn,m and Nn, we find that
I ≡
∫
dkyUn,m(x0)Ψ
(L)
n,ky
(x, y) = e− i
1
2
e B x y
Ψ
(S )
n,m(x, y). (B.9)
Appendix C. Proof of gauge-invariance of the electron wave function Ψ˜(CI)(x, y) given by
Eq.(115)
Here we prove that the electron wave function Ψ˜(CI)(x, y) defined by
Ψ˜
(CI)(x, y) ≡ U− 1I Ψ(x, y), (C.1)
with UI = e
− i e
∫ r
0
Ar(r
′ ,φ)dr′ is gauge-invariant. Under an arbitrary gauge transformation
Ψ(r, φ) → e− i e [ω(r,φ)−ω(0,0)] Ψ(r, φ),
A(r φ) → A(r, φ) + ∇ω(r, φ), (C.2)
the radial and azimuthal components of A transforms as
Ar(r, φ) → Ar(r, φ) + ∂ω(r, φ)
∂r
, (C.3)
Aφ(r, φ) → Aφ(r, φ) +
1
r
∂ω(r, φ)
∂φ
. (C.4)
We first investigate the gauge-transformation property of the operator U− 1
I
. Only one delicate
point here is that the line-integral contained in the definition of U− 1
I
should be interpreted as
r0 → 0 limit of the following expression (see Fig.C.3) ;
U− 1I = lim
r0→0
e
i e
[∫ r
r0
Ar(r
′ ,φ) dr′ +
∫ φ
0
r0 Aφ(r0,φ
′) dφ′
]
. (C.5)
x
y
(0; 0)
(r;φ)
(r0; 0)
(r0;φ)
Figure C.3: The path CI defined as r0 → 0 limit of the path illustrated in this figure.
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Under the gauge transformation, the phase factor transforms as
∫ r
r0
Ar(r
′, φ) dr′ +
∫ φ
0
r0 Aφ(r0, φ
′) dφ′
→
∫ r
r0
(
Ar(r
′, φ) +
∂
∂r′
ω(r′, φ)
)
dr′ +
∫ φ
0
r0
(
Aφ(r0.φ
′) +
1
r0
∂ω(r0, φ
′)
∂φ′
)
dφ′
=
∫ r
r0
Ar(r
′, φ) dr′ +
∫ φ
0
r0 Aφ(r0, φ
′) dφ′
+ [ω(r, φ) − ω(r0, φ)] + [ω(r0, φ) + ω(0, 0)]
=
∫ r
r0
Ar(r
′, φ) dr′ +
∫ φ
0
r0 Aφ(r0, φ
′) dφ′ + [ω(r, φ) − ω(0, 0)]. (C.6)
In the limit r0 → 0, this reduces to∫ r
0
Ar(r
′, φ) dr′ + [ω(r, φ) − ω(0, 0)]. (C.7)
Thus, we find that, under the gauge transformation,
U− 1I → U− 1I e i e [ω(r,φ) − ω(0,0)], (C.8)
Ψ(r, φ) → e− i e [ω(r,φ) − ω(0,0)] Ψ(r, φ), (C.9)
and consequently
Ψ˜
(CI)(r, φ) ≡ U− 1I Ψ(r, φ) → Ψ˜(CI)(r, φ), (C.10)
which proves that Ψ˜(CI)(r, φ) is gauge-invariant.
Appendix D. The proof of the relation 〈Ψ
(CI)
n,m
| Lcan
z
|Ψ
(CI)
n,m
〉 = m for arbitrary gauge.
With use of the expression (138) for Ψ
(CI )
n,m (r, θ), we obtain
〈Ψ(CI )n,m | Lcanz |Ψ(CI )n,m 〉 = 〈Ψ(CI )n,m | − i
∂
∂φ
|Ψ(CI )n,m 〉
=
∫ ∞
0
dr r
∫ 2 π
0
dφRn,m(r)
(
m +
1
2
e B r2 − e r Aφ(r, φ)
)
Rn,m(r). (D.1)
Here, we make use of the relation
r Aφ(r, φ) =
1
2
r2 B +
∫ r
0
dr′
∂
∂φ
Ar(r
′, φ), (D.2)
which is obtained from the circular coordinate representation of the identity B = (∇ × A)z. This
gives
〈Ψ(CI )n,m | Lcanz |Ψ(CI )n,m 〉 = m − e
∫ ∞
0
dr r
∫ 2 π
0
dφRn,m(r)
∫ r
0
dr′
∂
∂φ
Ar(r
′, φ)Rn,m(r). (D.3)
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Carrying out the integral over φ first, we find that
∫ 2 π
0
dφ
∂
∂φ
Ar(r
′, φ) = Ar(r′, 2 π) − Ar(r′, 0). (D.4)
This vanishes, since it holds that
Ar(r, φ + 2 π) = Ar(r, φ), Aφ(r, φ + 2 π) = Aφ(r, φ), (D.5)
for arbitrary single-valued (or regular) gauge-field configuration. In this way, we obtain
〈Ψ(CI )n,m | Lcanz |Ψ(CI )n,m 〉 = m, (D.6)
for any single-valued gauge.
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